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Series Foreword 


Each book of this series is concerned with an important topic or area of the 
mathematical training of teachers. The exposition follows the highly success- 
ful pattern of the Meserve-Sobel books. There are many illustrative examples 
to facilitate the use of the books for individual study and in-service pro- 
grams. There are numerous exercises to provide an opportunity for readers 
to develop their understanding. The answers for the odd-numbered exercises 
are in the back of each book; the answers for the even-numbered exercises 
are available in a separate booklet. Thus each book is designed to serve as 
a text either in an in-service program or in a college course for prospective 
teachers or others interested in extending their knowledge of these mathe- 
matical concepts. Some of the books are particularly useful as supplementary 
texts in college and advanced high-school courses. 

The topics for these books have been selected because of their significance 
in the rapid evolution of our contemporary mathematics curricula. Each 
author has tested his materials in preliminary form with hundreds and (in at 
least one case) thousands of college students and/or school teachers. Briefly, 
this series consists of books on significant topics presenting tested materials 
in a manner that has been proved to be highly effective. 

The brevity of the books is purposeful. Each book may be used as a sup- 
plementary reference text in a more extensive or advanced course. Each book 
provides the basis for an extensive unit of work in an in-service, college, or 
school course. Considerable flexibility in meeting the needs of the students 
is available by using two or more of these books in an extensive course or 
series of courses. 

Frequent additions of books to this series are contemplated. 


Bruce E. Meserve, Series Editor 


Preface 


THE CONCEPT of a vector is of fundamental importance to the study of 
many areas of advanced mathematics and the physical sciences. A study of 
geometric vectors of two-and three-dimensional space is an aid toward the 
understanding of abstract vector spaces, matrices, tensors, and other multi- 
component algebras. The purpose of this book is to familiarize the reader 
with those concepts of vector algebra that have applications to algebra, 
geometry, trigonometry, and physics. 

Vector algebra is developed as an algebra of directed line segments. 
The motivation of ideas and definitions are included wherever appropriate. 
Particular attention has been paid to the formulation of precise definitions 
and statements of theorems. Coordinate position vectors are treated. The 
key concepts necessary for the study of generalized vector spaces are pre- 
sented and developed. 

The main theme throughout the book is the use of vectors as a mathe- 
matical tool in the study of elementary plane and solid geometry, plane and 
spherical trigonometry, and coordinate geometry. Many theorems of 
elementary mathematics have simple and elegant vector proofs, which are 
illustrated in detail in this book. 

More than the usual number of illustrative examples have been included 
as an aid to the reader in his mastery of the concepts presented. There are 
a sufficient number of exercises, which either supplement the theory pre- 
sented or give the reader an opportunity to reinforce his understanding of 
the applications. Answers are provided to the odd-numbered exercises; the 
answers to the even-numbered exercises are available in a separate booklet. 
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With the development of the modern mathematics programs in the high 
schools, it is believed that this book will fill the need of many teachers and 
prospective teachers for a background in vector algebra. The many illus- 
trative examples make the book quite useful for individual study and in- 
service programs. This book contains enough material for a semester course 
at the high-school or college level. 

There are many people to whom I am indebted for the completion and 
publication of this book. A debt of gratitude is acknowledged to Dr. Bruce 
E. Meserve of the University of Vermont, who read the manuscript for this 
book at various stages of its development, for his suggestions, constructive 
criticisms, and encouragement. To those students of Montclair State College 
who studied the preliminary versions of this material, a special thanks. I 
wish to express my appreciation to my wife, Betty, not only for typing the 
manuscript, but for her patience and understanding. Finally, I wish to thank 
the editorial staff of Prentice-Hall, Inc., for their kind cooperation. 


Anthony J. Pettofrezzo 
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chapter 1 


Elementary Operations 


1-1 Scalars and Vectors 


In discussing physical space it is necessary to consider several types of 
physical quantities. One class of quantities consists of those quantities which 
have associated with them some measure of undirected magnitude. Such 
quantities are called scalar quantities or simply scalars. Each scalar quantity 
can be represented by a real number which indicates the magnitude of the 
quantity according to some arbitrarily chosen convenient scale or unit of 
measure. Since scalars are real numbers, scalars enter into combinations 
according to the rules of the algebra of real numbers. Mass, density, area, 
volume, time, work, electrical charge, potential, temperature, and population 
are examples of scalar quantities. 

A second class of physical quantities consists of those quantities which 
have associated with them both the property of magnitude and the property 
of direction. Such quantities are called vector quantities or simply vectors. 
Force, velocity, acceleration, and momentum are examples of vector quanti- 
ties. 

The following example illustrates the need to distinguish between scalars 
and vectors. Consider a plane which flies from point A to point B, 300 miles 
east of A, and then proceeds to fly north to a third point C, 400 miles north 
of B as shown in Figure 1-1. The distances which the plane has flown are 
scalars and may be added in the usual manner to determine the total distance 
covered by the flight; that is, 300 + 400, or 700, miles. The flight may also be 
considered in terms of the displacement of the plane from point A to point C. 


1 
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This displacement may be considered as the sum of two displacements: one 
300 miles east from A to B and the second 400 miles north from B to C; 
the sum of these displacements is the displacement 500 miles with a bearing 
of approximately 36°52’ east of north from A to C. Notice that direction as 
well as magnitude is considered in describing displacements. Displacements 
are examples of vector quantities. Furthermore, the sum of two displace- 
ments is calculated in a rather different manner than the sum of two scalar 
quantities; in other words, vector addition is quite different from scalar 
addition. 

Notice that in Figure 1-1 the displacements were denoted by means of 
directed line segments or arrows. In mathematics it is convenient to construct 
a geometric model of the physical concept of a vector and of situations 
involving vector quantities. 


Definition 1-1 A geometric vector or simply a vector is a directed line segment 
(Figure: 1-2). 


In Figure 1-2 the length of the directed line segment with reference to 
some conveniently chosen unit of length is associated with the magnitude of 
the vector; thus, lengths of directed line segments represent scalars. Notice 
that the magnitude of a vector is a non-negative real number. Unless other- 
wise restricted, we shall consider a geometric vector as a vector in three- 
dimensional space. 

The notation for a vector which we shall use is due to the mathematician 
Argand. Symbolically the vector represented in Figure 1-2 is denoted by 


AB, where A is the initial point (sometimes called the origin or origin point) 
of the directed line segment and B is the terminal point. Symbolically the 
magnitude of AB is denoted by |AB |. Whenever convenient, a second notation 
for vectors will be used which consists of single small letters beneath a half 
arrow such as a, b, c,.... Then lal, Ib], Ic |,... will represent the magnitudes 
of such vectors. 

In our study of vectors we shall often “associate” a vector with a line 


segment. It is possible to associate either AB or BA with the line segment 


§ 1-1 Scalars and Vectors 3 


whose end points are A and B, where in each case the magnitude of the 
vector is equal to the length of the line segment. However, the vectors AB 
and BA are not equal. When we use the second notation of a single small 
letter to represent a vector associated with a line segment, we will find it 
convenient to adopt the following convention for establishing the association 
we desire: “associate a with line segment AB” shall mean a = AB; “associate 
a with line segment BA” shall mean a = BA. Note that line segments AB and 
BA are identical and thus that our convention is strictly a notational proce- 
dure for this book. 

A vector of particular interest is the zero vector or null vector, which will 


be denoted by 0. 
Definition 1-2 4 null vector is a vector whose magnitude is zero. 


By Definition 1-2, a geometric vector is a null vector if its initial and 
terminal points coincide. We choose to consider a null vector as a vector 
without a unique direction and, specifically, with a direction that is indeter- 
minate. The null vector is the only vector whose direction is indeterminate. 
Some mathematicians choose to consider the null vector as having any 
arbitrary direction; that is, a null vector could be considered as the limit of 
any one of an infinite number of finite vectors as its magnitude approaches 
zero. The wording of many theorems in the subsequent development of 
vector algebra must be carefully changed if the direction of the null vector is 
considered arbitrary. 


Exercises 


Identify each quantity as either a scalar quantity or a vector quantity. 
. Distance between New York and Boston. 

. Displacement from Chicago to St. Louis. 

. Temperature of 97° Fahrenheit. 

. Weight of 100 pounds. 


. Pressure of 18 pounds per square inch. 


NH na & WD N m 


. 250 horsepower. 


1-2 Equality of Vectors 


In choosing an appropriate definition for the equality of two vectors one 
is usually guided by the applications that will be made of the vectors. For 
example, in the study of the theory of mechanics of rigid bodies, vectors a and 
b (denoting forces) have the same mechanical effect in that the “line of 
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action” of these two vectors is the same and the vectors have the same 
magnitude. However, as in Figure 1-3, the mechanical effect of c, a vector of 
equal magnitude to a and b, would be to rotate the shaded object acted upon. 
In this type of problem a and b would be considered equal since they have 
equal magnitudes and lie along the same line with the same orientation. 
Consideration of this type of problem requires a definition of equality for 
a class of vectors commonly called line vectors. 


Line of 
action 





Figure 1-3 


In the theory of mechanics of deformable bodies one needs a more 
restrictive definition for the equality of vectors. For example, consider a and 
b, both having equal magnitudes and directed along the same line with the 
same orientation, acting upon an elastic material as indicated in Figure 1-4. 
Each vector would deform the 
material in a different way; a 
would tend to compress it, while 
b would tend to stretch it. A con- 
sideration of this type of problem 
leads to a definition for the equal- 
ity of vectors: vectors with equal 

Figure 1-4 magnitudes and acting along the 

same line of action with the same 

orientation are to be applied at the same point in space. A study of vectors 
under this definition of equality is a study of bound vectors. 

However, those properties of geometry and trigonometry with which 
one is generally interested in mathematics allow mathematicians to use a 
less restrictive definition for the equality of vectors. 


ay 
z 


Definition 1-3 Two vectors a and b are equal if, and only if, la| = ib] and a 
is parallel to b with the same orientation; that is, a = b if, and only if, a and 
b have the same magnitude and direction. 


In Definition 1-3 the word “parallel” is used in a generalized sense to 
mean that the vectors are on the same or parallel lines; “orientation” refers 
to the “sense” of the vector along the line; “direction” refers to both paral- 
lelism and orientation. From the definition it follows that any vector may be 
subjected to a parallel displacement without considering its magnitude or 
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direction as being changed. The vectors in Fig- 


ure 1-5 are all equal to one another. Since the Y Y 
vectors are equal, any one of the vectors may yf 
be considered to represent a whole class of 
equal vectors of which the others are members. = 
Under Definition 1-3 for the equality of Z 


vectors, the vectors discussed are called free 
vectors. Unless otherwise specified, we shall 
assume that all vectors are free vectors. 


Figure 1-5 


Exercises 


In Exercises 1 through 6 state whether or not the two vectors appear to be 
equal. 


3 —> 4 A, 


In Exercises 7 through 9 copy the given figure and draw a vector with the 
given point P as its initial point and equal to the given vector. 


10-12. Copy the given figure in Exercises 7 through 9 and draw a vector with 
the given point P as its terminal point and equal to the given vector. 


1-3 Vector Addition and Subtraction 


Consideration of the displacement problem of §1-1 and similar physical 
problems concerning vectors motivated the following definition called the 
law of vector addition. 


Definition 1-4 Given two vectors a and b, if b is translated so that its initial 
point coincides with the terminal point of a a, then a third vector c with the same 
initial point as a and the same terminal point as b is equal to a+b (Figure 1-6). 
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_ The sum of two vectors is a uniquely determined vector; that is, if 
c =a + bandd =a + b,then c = d. 


Q} 


Sh 
= 





A a B 
Figure 1-6 Figure 1-7 


Consider any parallelogram ABCD. Associate vectors a and b with 
sides AB and BC, respectively, as in Figure 1-7. Then a+b may be as- 
sociated with the diagonal AC. Since the opposite sides of any parallelogram 
are equal and parallel, b and a may be associated with sides AD and DC, 


respectively. By Definition 1-4, b+a may also be associated with the 
diagonal AC. Hence, one of the fundamental properties of the addition of 
real numbers is also valid for the addition of vectors. 


Theorem 1-1 Vector addition is commutative; that is, 
at+b=b+a. (1-1) 


The law of vector addition is sometimes called the triangle law of addition 
or the parallelogram law of addition. A consideration of Figures 1-6 and 
1-7 motivated the use of these terms. 

Associativity is another familiar property of the addition of real numbers 
that also holds for the addition of vectors. 


Theorem 1-2 Vector addition is associative; that is, 
at+(b+c)=(at+b)+c. (1-2) 
Proof: Consider a parallelepiped ABCDEFGH. Associate with 


sides AB, AD, and AE vectors a, b, and c, respectively, as in Figure 1-8. 
Then, 


AG = AH + HG and AG = AC + GG. (Def. 1-4) 
Therefore, 
HG + AH = AC+ CG (Theorem 1-1) 
HG + (AD + DH) = (AB + BC)+ CG (Def. 1-4) 
AB + (AD + AE) = (AB + AD) + AE. (Def. 1-3) 
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Hence, 
at+(b+c)=(a+))+c. 


The associative property of vector addition may be extended to find the 
sum of more than three vectors. If the initial point of each succeeding vector 
is placed at the terminal point of the preceding one, then that vector with the 
same initial point as the first vector and the same terminal point as the 
last vector represents the sum of the vectors. 





Figure 1-8 Figure 1-9 


Definition 1-5 Jf two vectors a and b 
have a common initial point, then their 
difference a — b is the vector c extend- 
ing from the terminal point of b to the 
terminal point of a (Figure 1-9). 





a +(-È) 
Figure ł-10 


If b = a, then a — a = 0, the null 
vector. Furthermore, if —hb is used to 
represent a vector equal in magnitude 
to b but having the opposite direction from b, then a—b=a 4+ (—b) as 
shown in Figure 1-10. 


Exercises 


1. Simplify: (a) AB + BC + CD; (b) RS + ST + TU + UR. 
2. Simplify: (a) AB — CB: 
(b) MN — RP — PN. 
3. Use geometric constructions to 
copy the coplanar vectors in the 
figure, and show that the sum of 


the vectors appears to be a null 
vector. 
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4. If a and b are vectors associated with adjacent sides AB and BC of a 
regular hexagon ABCDEF, determine vectors which may be associated 
with the other four sides CD, DE, EF, and FA. 


5. Prove that (a + b) +c = (c + a) +b by using Theorems 1-1 and 
1-2. 


6. Use the properties of a triangle to prove that: (a) la + b| < jal + Ib]; 
(b) |a — b| > |a] — Ibl. 


7. If ABCD is a quadrilateral where OB — OA = OC — OD, prove that 
ABCD is a parallelogram. 


8. If a, b, and c have a common initial point and are associated with the 
edges of a parallelepiped, determine vectors representing the diagonals 
of the parallelepiped. 


9. Let a, b, and c have a common initial point and be associated with the 
edges of a cube. (a) Determine the vectors drawn from the common 
initial point to each of the other seven vertices. (b) Show that the sum of 
three of these vectors is equal to the sum of the other four. 


10. Prove that the sum of the vectors from the center to the vertices of a 
regular hexagon is a null vector. 


1-4 Multiplication of a Vector by a Scalar 


Definition 1-6 Given any real scalar k and any vector a, the product ka is 
a vector such that Ika] = = |ķ| jal. If a is a nonzero vector and k is positive, 
then ka has the same direction as a; ifa a is a nonzero vector and k is negative, 


then ka has an opposite direction to a. 


In Figure 1-11 several geometric ex- 


amples of the scalar multiplication of 

a are given. Note that —aq need not be 

op considered as a special vector, but 

_3— rather as the product of the scalar — 1 

} a F i and a. Also note that a may be con- 
f° sidered as being transformed when mul- 


tiplied by a scalar k. If k > 1, the trans- 

Figure 1-11 formation is a stretch or dilation; if 

0O<k< 1, the transformation is a 

contraction; if k < 0, the transformation is a stretch or a contraction 
followed by a reversal of direction. 

Definition 1-6 for any positive integer k is a logical consequence of a 
consideration of the way in which the sum of k addends B42 a bese 
may be represented. 

The multiplication of a vector by a scalar satisfies the distributive and 
associative laws: 
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(m + n)a = ma + na, (1-3) 
m(a + b) = ma + mb, (1-4) 
m(na) = (mn)a. (1-5) 


The distributive property (1-4) may be illustrated geometrically as in Figure 
1-12, using the properties of similar triangles. 

If two nonzero vectors a and b are parallel, then it is possible to find a 
nonzero scalar m which will transform b into a; that is, a = mb. Similarly, 
a nonzero scalar n exists which will 
transform a into b: that is, b = na. For 
example, if a is a vector parallel to b 
and in the same sense, such that 
ja| = = 2|b|, then a = 2b and b = 4a. If 
a is a vector parallel to b and in the 
opposite sense, such that a = 2b], 
then a = —2b and b = 4a. Now, 
considering Definition 1-6 it should be 
evident that two nonzero vectors are 
parallel if, and only if, either one may 
be expressed as a nonzero scalar 
multiple of the other. We summarize this as a theorem. 





Theorem 1-3 Jf a and b are nonzero vectors, then a is parallel to b if, and 
only if, there exists a nonzero scalar m or n such that a = mb or b = na. 


Since the direction of the null vector is indeterminate, the null vector 
cannot be parallel to any vector. However, note that the null vector is a 
zero multiple of every other vector. 

Many theorems of plane geometry which involve parallel line segments 
with related magnitudes may be proved by using Theorem 1-3 


Example 1 The line segment joining the mid-points of any two sides of a 
triangle is parallel to the third side and equal to one-half the length of the 
third side (Figure 1-13). 
Let N and M be the mid-points respectively of sides OB and AB in 
any triangle OAB. Let a, b, and c be associated with line segments OA, 
OB, and NM, respectively. Then 


=1b+c=a+ik(b—a) 
—1b+c=4b4+44 


Hence c = = 4a; that is, line segment NM is parallel to side OA, and the 
length of NM is equal to one-half the length of OA. 


Example 2 In parallelogram ABCD, if M and N are the mid-points of AB 
and CD, respectively, then AMCN is a parallelogram (Figure 1-14). 
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Figure 1-13 Figure 1-14 


Now, AN = AD + DN=AD +1 DC 
and 
MC = MB + BC = 4 AB + BC. 
Since AB = DC and BC = AD. then MC = AN. Hence, AMCN is a 
parallelogram since two opposite sides are equal and parallel. 
Example 3 The diagonals of a parallelogram bisect each other (Figure 1-15). 


Let OABC be any parallelogram. Let a and c be associated with sides 
OA and OC, respectively. Then c — a and c + a are the vectors as- 
sociated with diagonals AC and OB, respectively. If D and E are the 
mid- points of diagonals | OB and AC, respectively, then OD = 1c + a), 
and OF = a+ ae — a) = 1c + a). Since OD and OE are equal to 
the same vector, OD = OE and D and E coincide; that is, the diagonals 
of a parallelogram bisect each other. 





Figure 1-15 Figure 1-16 


Example 4 The diagonals of a parallelepiped bisect each other (Figure 1-16). 


Let a, b, and c be three vectors associated with the edges AB, AD, 
and AE of any parallelepiped ABCDEFGH. Let M, N, R, and S be the 
mid-points of diagonals AG, EC, BH, and DF, respectively. Then 


— 


AM = 44G = 44B + BC + CG) = (a + b + c); 
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AN = 4AC + 4AE = 3(AB + BC + AE) = $a ee c); 
AR = 44B + 14AH = (4B + AD + DH) = i(a vn 
AS = 14F + 4AD = (AB + BF + AD) = (a + b + ©). 

Hence, points M, N, R, and S coincide. 

Consider the multiplication of any nonzero vector a by a scalar equal to 
the reciprocal of the magnitude of a; that is, (1 japa. Let (1 Jaha = — b. Then 
a = la| b. By Definition 1-6, la| = ia |b]. Therefore Ib] = = 1. Each vector 
whose magnitude is one is called a unit vector. By Theorem 1-3 and Definition 
1-6, b is parallel to a in the same sense. Hence b, or (1 jaa, is a unit vector 
in the direction a. We shall make frequent reference to unit vectors in 
subsequent sections. 


Exercises 


1. Simplify: (a) 4B + AB + AB; (b) (ÖA — OB) — (OB — OA). 

2. Select two vectors r and s of equal magnitude with a common initial 
point and making an angle of 60°. Then construct the vectors - 
(a)2r+s; (b) r — 2s; (c) 3s — Tr; (d) 2(r + s). 

3. Illustrate geometrically that —(a — b) = —a + b. 

4. Interpret 4B/|AB| for any nonzero vector AB. 


5. Describe how to construct a parallelogram if two vectors a and b are 
given as the diagonals of the parallelogram. 


In Exercises 6 through 10 prove the stated theorem. 


6. If a line divides two sides of a triangle proportionally, then it is parallel 
to the third side. 


7. The median of a trapezoid is parallel to the bases and equal to one-half 
their sum. 


8. The line segment joining the mid-points of the diagonals of a trapezoid 
is parallel to the bases and equal to one-half their difference. 


9. If M, N, R, and S divide sides AB, BC, CD, and DA of a parallelogram 
in the same ratio, then MNRS is a parallelogram. 


10. If the diagonals of a quadrilateral bisect each other, then the quadri- 
lateral is a parallelogram. 


1-5 Linear Dependence of Vectors 


In Examples 3 and 4 of §1-4 we considered two geometric problems: one 
on a plane, and a second in space. In Example 3 we associated two nonzero, 
nonparallel vectors a and c with line segments. Then every vector which 
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we considered on the plane was expressed in the form ma + nc: that is, as 
a function of a and c. Similarly, in Example 4 we associated three nonzero, 
noncoplanar vectors a, b, and c with line segments. Then every vector which 
we considered in space was expressed in the form ma + nb + pe: that 1s, 
as a function of a, b, and c. 


Definition 1-7 An expression such as m,a, + Ma, +... + m,a, which 
represents the sum of a set of n scalar multiples of n vectors is called a linear 
function of the n vectors. 


Consider a nonzero vector a. Then every vector on a line parallel to a is 
a linear function of a; that is, of the form ma where m is a real number. The 
set of vectors ma constitutes a one-dimensional linear vector space, and the 
nonzero vector a is called a basis for that vector space. Essentially, a serves 
as a reference vector in that every other vector in the one-dimensional space 
may be expressed in terms of a or 1s dependent upon a. Furthermore, any 
vector of the form ma where m + 0 may be considered a basis of the same 
one-dimensional linear vector space for which a is a basis. 


Definition 1-8 A set of n vectors A, d, ***,Qy is called a set of linearly 
independent vectors if m;a, + ma,+---+m,a,=0 implies m, = m, 


= -+-- =m, =0. A set of n vectors is called a set of linearly dependent 
vectors if the vectors are not linearly independent. 


The set of vectors a and c in Example 3 of §1-4 is a set of linearly inde- 
pendent vectors since Mı a + msc = = 0 if, and only if, m, = m, = 0. The 
set of vectors a,c, c + a, and CH a in that same example i is a set of f linearly 
dependent vectors since m,a + m,c + m,(c + a) + m,(c — a) = 0 is true 
form, = m, = —1,m, = 1, and m, = 0; that is, for at least one m; + 0. 

In general, note that by Definition 1-8 vectors are linearly dependent if 
at least one of the m,’s in a vector equation of the form m,a, + Mä, p 


+ Mnn — 0 is not zero. If n vectors are linearly dependent, then at least one 
of the vectors may be written as a linear function of the other n — 1 vectors. 
For example, if m, 4 0, then 


-5 m- Mo Mo 1 
a, = ——a, — —a, — —4a, — --- — an. 
Conversely, if one vector may be expressed as a linear function of n — 1 
other vectors, then the n vectors are linearly dependent. It follows from our 
discussion of a one-dimensional linear vector space that any two vectors in 


a one-dimensional space are linearly dependent. 
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Theorem 1-4 If a and b are nonzero, nonparallel vectors, then xa + yb = 0 
implies x = y = 0. 
Proof: Suppose that x + 0. Then xa = — yb and a = —(y/x)b; that 


is, a is ; parallel to b which contradicts the hypothesis. Hence, x = 0 and 
yb = = 0 implies that y = 0 from Definition 1-6. 


Any two nonzero, nonparallel vectors a and b must by Theorem 1-4 be 
linearly independent. The set of vectors of the form ma + nb, where a and 
b are linearly independent vectors and m and n are real scalars, constitutes 
a two-dimensional linear vector space. The two vectors a and b form a basis 
for that vector space. 


Theorem 1-5 /f a and b are nonzero, nonparallel vectors with the same initial 
point, and if c c is any vector on the plane determined by a and b, then c can be 
expressed as a linear function ofa aand b. 


Proof: If c is parallel to a, then ¢ = ma; n = 0. If c is parallel to 
b, then c — nb; m = 0. If c is a null vector, then m =n =0. If c is not 
a null vector re is not parallel to a or b, then there exists a parallelo- 
gram ABCD with edges parallel to a and b and with a diagonal c. Any 
vectors parallel to a and b can be expressed as linear functions of a 
and b, respectively. Hence c = ma + nb (Figure 1-17). 


The converse of Theorem 1-51 Is 


D C 
also true; that 1 is, if c = ma + nb, ` 
where a and b are nonzero, non- / ie nb 

Š ae g 
parallel vectors with the same ini- = 
A ma B 


tial point, then c may be consid- 
ered to be on the plane determined Figure 1-17 
by aand b. 
Theorem 1-5 implies that any three vectors in a two-dimensional space 
are linearly dependent. 


Theorem 1-6 /f a, b, and c are nonzero, noncoplanar vectors with the same 
initial point, then xa + yb + zec = 0 implies x = y = z = Q. 


Proof: Suppose that x 4 0. Then xa = — yb - — zc and a = —(y/x)b 
— (z/x)c; that is, a lies on the plane of b and c which contradicts the 
hypothesis that a, b, and c are noncoplanar. Hence x = 0, yb +zc=0 
and, by Theorem 1-4, x = y = z = Q. 


Any three nonzero, noncoplanar vectors a, b, and c with the same 
initial point must by Theorem 1-6 be linearly independent. The set of vectors 
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of the form ma + nb + pe, where a, b, and c are linearly independent 
vectors and m, n, and p are real scalars, constitutes a three-dimensional linear 
vector space. The vectors a, b, and c form a basis for that vector space. We 
shall refer to a three-dimensional space simply as space. 


Theorem 1-7 Jf a, b, and c are nonzero, noncoplanar vectors with the same 
initial point, then any vector in space can be expressed as a linear function 


of a, b, and c. 


The proof of Theorem 1-7 is analogous to the proof of Theorem 1-5 and 
is left as an exercise (Exercise 14). Theorem 1-7 implies that any four vectors 
in space are linearly dependent. 

The concept of a set of linearly independent or dependent vectors plays 
a key role in proving numerous theorems of geometry by vector methods. 
Two useful theorems concerning the linear dependence of vectors will now 
be considered. Careful attention should be paid to these theorems. 


Theorem 1-8 Ifa a, b, and c are linearly independent vectors, then any vector in 
space can be expressed as a linear function of a, b, and c in only one way; 
that is, every vector in space is a unique linear function ofa a, b, and c. 


_ Proof: By Theorem 1-7 every vector d in space is a linear function of 
a, b, and C. Suppose that some vector d can be represented in terms of 
a, b, and c in two ways; that is, 

d = xa + yb + zc = ma + nb + pe. 
Then . F . 

(x— m)a + (y — n)b + (z — pìc = 0. 
Since a, b, and c are linearly independent vectors, then 

x— m =Q; y—n =Q; z—p=0. 


Hence x = m; y = n; z = p; and the two representations of d are identi- 
cal. 


In any geometry of n dimensions, Theorem 1-8 may be generalized for 
a set of n linearly independent vectors a, l», ee, An. Any vector which is 


a linear function of a, dp, ree, a, can be expressed as a linear function of the 
n vectors in only one way. The proof of the generalized theorem is left as an 
exercise (Exercise 15). 


Theorem 1-9 The points A, B, and C are collinear if, and only if, for any point O 
in space OC = (1 — n) OA + nOB. 

Proof: Let O be any reference point in space and C be any point on 

the line AB. Then OC is a vector whose terminal point C lies on the line 
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through the terminal points A and 
B of OA and OB. Furthermore, 
consider C dividing line segment 
BA in the ratio m to n where m + 
n = | (Figure 1-18). Now, 
OC = OA+ AC=OA+nAB 
— OA + n(OB — OA) 
= (1 — n)OA + nOB. 
Conversely, if OC = (1 — n)OA O 
+ nOB, then Figure 1-18 
OC = OA —nOA -+ nOB 
OC — OA = n(OB — OA) 
AC = nAB. 





Therefore, AC is parallel to AB; line segment AC lies along line segment 
AB; and A, B, and C are collinear. 


Exercises 


In Exercises 1 through 8 consider the vectors given in the figure and express 
each vector as a linear function of (a) OA and OB; (b) OB and OC; (c) OA 





and OD. 

1. OA. 2. OB. 

3. OC. 4, OD. 

5. OE. 6. CA 

7. AB. 8. ED. 

9. Prove that M is the mid-point of line segment AB if OM + OM 


10. 


11. 


12. 


13. 


= OA + OB. 

Prove that 4MN = AB+ AD + CB+ CDif M and N are the mid- 
points of line segments AC and BD, respectively. 

Prove that the terminal points of vectors AB, AC, and AD are collinear 
if AD = AB + 2(OC — OB). 


Prove that the vectors a 4+25 +c, a + 3p = 2c, a + b +4¢ are 
linearly dependent. 


Find another set of vectors which may be a basis for the two-dimen- 
sional linear vector space for which the set a and b isa basis. 
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14. Prove Theorem 1-7. 


15. Prove that any vector which is a linear function of n linearly independent 
vectors a, a, ee, anisa unique linear function of the n vectors. 


16. Prove that a necessary and sufficient condition for the terminal points 
of any three nonzero vectors a, b, and c with common initial point to be 
collinear is the implication of the equation xa + yb + zc =0 that 
x + y + z = 0, provided x? + y? + z? Æ 0. 


1-6 Applications of Linear Dependence 


In this section several theorems of plane synthetic geometry will be proved 
by using the concept of linear dependence of a set of vectors. Most vector 
proofs involving the linear dependence concept depend upon Theorems 1-8 
and 1-9. 


Example 1 The line segment joining a vertex of a parallelogram to the mid- 
point of a nonadjacent side intersects the diagonal at a trisection point 
(Figure 1-19). 

Let ABCD be any parallelogram. Let M be the mid-point of side BC 


and P be the point of intersection of line segment AM and diagonal 
BD. Now, 


—_—— 


AM 


14B + 44C = 4AB + (AD + DC) = 44B+ 4(AD + AB) 


—à 


AB + 4AD, 


and 
AP = kAM = kAB + ZAD. 


Since B, P, and D are collinear, k + k/2 = 1 or k =#2. Hence, 
AP = 2AB + 1AD; that is, P divides diagonal BD in the ratio 1 to 2. 


Figure 1-19 Figure 1-20 


Example 2 The medians of a triangle are concurrent at a point called the 
centroid of the triangle. This point is two-thirds of the distance from each 
vertex to the mid-point of the opposite side (Figure 1-20). 
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Let M, N, and R be the mid-points of sides BC, CA, and AB, re- 
spectively, of any triangle ABC. Let P be the point of intersection of the 
medians AM and BN. Consider P dividing median AM in the ratio r to 
s where r + s = 1 and dividing median BN in the ratio u to v where 
u + v = l. Let O be any reference point in space not in the plane of 
triangle ABC. Now, 


OP =rOM + sOA = uON + vOB. 
Since M and WN are mid-points of sides BC and CA, respectively, 
ÒM = 40B + 40C, and ON=10A+440C. 
By substitution, 


— 


OP = | (OB + OC) + s0A = 4 (OA + OC) + VOB. 


x z 


Since OA i OB, and OC are linearly independent vectors, 


== Wa a = x T — ue 
Te “oe =e OE ee 
Therefore, r = 2s and u = 2v. Hence, P divides both medians AM and 
BN in the ratio 2 to 1. Consider the medians CR and AM. Since their 
point of intersection must divide medians AM and CR in the ratio 2 to 


1 by the same argument, median CR passes through P. 


S 


Example 3 In any quadrilateral the line segments joining the mid-points of 
opposite sides bisect each other (Figure 1-21). 


Let M, N, R, and S be the mid-points of sides AB, BC, CD, and DA, 
respectively, of any quadrilateral. Let P and P’ be the mid-points of line 
segments MR and NS, respectively. If O is any reference point, then 

OP = 10M + 40R=1(0A + OB+ OC + OD); 
OP’ = 10N + 40S = 1(0OB + OC + OA + OD). 
Since OP = OP’, the points P and P’ coincide. 


A study of the properties and relations among the internal and external 
bisectors of the angles of a triangle may be facilitated by the use of vectors. 
The vector form of the bisector of an angle may be found as follows: Consider 
a and b as unit vectors along lines OA’ and OB’, respectively (Figure 1-22). 
Construct a rhombus OACB by finding point C which is one unit from points 
A and B and draw the diagonal OC. Now ray OC bisects angle AOB, since 


the diagonal of a rhombus bisects its angles. Any multiple of OC lies along 


the angle bisector of angle AOB. Since OC=at b, then k(a +- b), where 
k is any non-negative real number, represents the vector form of the bisector 


of an angle between the unit vectors a and b. . 
The bisector of the supplementary angle of the angle between a and b 
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Figure 1-21 Figure 1-22 


may be expressed in vector form as k(a — b). If k is non-negative, k(a — b) 
represents the bisector of angle A’OE’. If k is negative or zero, k(a — b) 
represents the bisector of angle B’OD’. 


Example 4 The angle bisector of an interior angle of a triangle divides the 
opposite side into segments which are proportional to the adjacent sides 
(Figure 1-23). 





Figure 1-23 Figure 1-24 


Associate vectors b and c with sides AC and AB, respectively, of any 
triangle ABC. Let ray AP be the internal bisector of angle A where P 
lies on line segment BC. Then 


AP =1( 5 + £) = (leet le) 
[b] fel [blje] 


where, by Theorem 1-9, k is such that the sum of the coefficients of b 
and c is one. Then 
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k= llel, and Pela AE c 
Ib] + lc] Jb|+le] = [bl +le| 
Hence, N 
[c| 
\BP|_ |bl+Jc| _ [el _ 148] 
|PC| Ib] b] |AC| 


Example 5 The angle bisectors of the interior angles of a triangle are con- 
current (Figure 1-24). 


Let ABC be any triangle with rays AD and BE, the internal bisectors 
of angles A and B, respectively. Let rays AD and BE intersect at point 
G. Now, 





|AB| |AC| |AB| IBC] 
Then 
CG = AG — AC = (2 ae) ~ AC 
pons |AC| 
= age. + (x — 
|AB| i a 
and 
CG = BG — BC = »(— 4B | _ AC + 4B 
|AB| |BC | 
= (-y- Bb + 1a) 48 
|BC | |AB| 
1 Fa -140)) 45 AC 
|BC | \AC| 
Since AB/|AB | and AC||AC| are linearly independent vectors, 
x y — 4B) + 4B 
|BC | 
and 
x — |AC| = |4Cly — 4} 
|BC | 


Therefore 
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x = 4C), y(1 + 4E + ZE) = am; 
[BC | IBC| |BC| 
|AB||BC| 
|AB| + |BC| + |AC] 
ies. |AB||AC| — 
|AB| + |AC| + | BC] 
Then 
C= — MPL _(2 + 2 )_x 
|AB| + |AC|+|BC|\|AB|  |AC| 
_ __|4B||AC| = (254 -S)+c4 
|AB|+|AC|+|BC|\ |4B| JAC] 


= ——_} __\A¢| CB — | AC | CA — |B) CA 
|AB| + |AC| + |BC| 
+ (|AB| + |AC| + IBC) CA) 
i ae FO cat ip cd co ete 
|AB| + |AC| + |BC| |AB| + |AC| + |BC| 
_ |AC| |BC| (24 i. Z) 
|AB| + |AC|+|BC|\|\CA| ICB] 
Hence, ray CG is the angle bisector of angle C. 


CB 


Example 6 The two lines determined 
by the external bisectors of two 
C angles of a triangle and the internal 
bisector of the third angle are con- 

current (Figure 1-25). 


N 


: Let ABC be any triangle 





with lines A D and BD determined 
a | , z by the external bisectors of angles- 
* \ / 


A and B, respectively. By the 
Ne : / discussion preceding Example 4, 


1E m- (Z A) 
ary |AB| |CA]| 





and 


BB = »(- 2. 2) 
Figure 1-25 |AB| |CB| 


chap. 1 
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Now, 
CD = CA + AD 
CB- CÀ CA 
148| eal 


(ct Bo NZ GN 
|45] ICA] |AB| CE 


CD = CB + BD 


= CA + x| 


= CB + y(- Fa Z) 


|AB| ICB] 


CAI \ CA =A CB CB 
= (<A) a i a ICB], T y) 
|AB| /|CA| |AB| ICB | 


Since CA/|CA| and CB/|CB| are linearly independent vectors, 


CBI, — ep ly + y, 
|AB | |AB| 
and 
ITA] — ICAl 4 y= IA], 
|AB| |AB| 
Then 
x=] y+ l, = 4B 
ICB| |CA|+ |CB|—|AB| 
Then 
CB = Ca + AEC __ (BO ca) 
|\CA|+|CB|—|AB|\ |B] ICA] 
aeee l a e nee ee 
|CA| + |CB| — |AB| ICA] + |CB| — |AB| 
ICA | ICB] 


— ICAB] (= z £5.) 
|CA| + |CB| —|AB|\|CA| ICB] 
Hence, line CD is determined by the internal bisector of angle C. 


The remaining examples of this section illustrate the use of the concept 
of linear dependence of vectors in proving two important theorems of higher 
geometry. 


Example 7—Theorem of Menelaus Given triangle ABC, three distinct points 
P,, P,, and P; on lines along sides AB, BC, and CA, respectively, are col- 
linear if, and only if, 
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(ra) eed) (ra) ~~ 
P,B/\P,C/\P,A 
where each quotient represents the real number that may be obtained when 


the two collinear vectors are expressed as multiples of the same vector (Figure 
1-26). 





Let AB = a and AC = b. Then B = b 





L —a. Let AP, =na, P.B=(1—n)a, BP, 
: = k(b — a), P,C = (1 — k\(b — a), CP, 
Co = (m — 1)b, and P,A = —mb. 
= We first prove the necessary condition for 
b P,, P., and P, to be collinear. 
If P., P., and P, are collinear, then 
a B _—_—_ — —à 
a a /P AP, = tAP, + (1 — t)AP, 
Figure 1-26 = tna + (1 — t)mb. 


Since AP, = (1 — kja + kb, and a and b 
are linearly independent vectors, then tn = 1 — k and (1 — t)m = k; 
that is, 











_1—k o k 
Therefore, 
AP, BP, CP, na _ k@b-—a) (m— 1) 
PB P,C P,A (1—na (1—k\(b—a) —mb 
nok m— 1 


~T=n I-k =m 
__l-k_ , k_ ,k-\iF+t__y, 
= t—l+k 1—k —k l 
Next we assume that P,, P,, and P; divide sides AB, BC, and CA in 
the ratios n/(1 — n), k|(1 — k), and (1 — n)(k — 1)/nk, respectively; that 
is, the product of the ratios is —1. Let O be any point in the plane of 
triangle ABC. Then 
OP, = nOB + (1 — n)OA; OP, = kOC + (1 — K)OB: 
and since (1 — n)\(k — 1) + nk =n +k — 1, 





_da- in D) s> nk a 
OP, = aa OA Ce 
Substituting for (1 — n)OA and kOC, 
| akel Aap aaan ah eet 
OP, = rey ee ae nOB) + TE a IOP: (1 k)OB] 
k—1 >p n aS 
Serio?  eeeor 
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Since 
k—1 n B 
Hel fees 


P,, P,, and P, are collinear (Theorem 1-9). 


l, 


Example 8— Desargues’ Theorem If two triangles ABC and A'B'C' are such 
that lines joining corresponding vertices are concurrent and no two corre- 
sponding sides are parallel, then the lines determined by the corresponding 
sides intersect in three collinear points. 





“MM 


Figure 1-28 


Figure 1-27 represents Desargues’ configuration for coplanar trian- 
gles, and Figure 1-28 represents Desargues’ configuration for triangles 
that are not coplanar. 

Let O be any reference point in space. Now, 


ÕP = xÕA +4 (1 — x)OA' = yOB + (1 — y)OB' 
= zOC + (1 — z)OC’. 
Then x + y since line AB is not parallel to line A'B’. Therefore, 
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xOA — yOB _ (1 — y)OB' —(1 — x)OA’ 
x—y x—y i 
that is, there exists a point common to lines AB and A’B’. Call the point 
M. Similarly, y = z, x Æ z, and points N and R exist common to the lines 
BC and B'C’ and the lines AC and A’C’, respectively, since 


yOB—zOC _ (1 —z)OC' — (1 — y)OB’ 


y—z y—z 
and 
zOC — xOA d= x)OA' — (1 — z)OC' 
z—x B zZz—x 
Now 


(x — y)OM + (y — z)ON + (z — x)OR 
= xOA — yOB + yOB — zOC + zOC — xOA =D, 
and the sum of the multiples of OM, ON, and OR is zero. Hence M, N, 
and R are collinear. 


Exercises 


Use the concept of linear dependence of vectors to prove the theorems stated 
in Exercises I through 14. 


1. A line segment joining a vertex of a parallelogram to a point which 
divides an opposite side in the ratio | to n divides the diagonal in the ratio 
lton+lornton+ 1. 


2. The sum of the vectors associated with the medians of a triangle is equal 
to the null vector. 


3. A vector OP from any reference point O to the centroid P of any triangle 
ABC may be expressed by 


OP = 1(0OA + OB + OC). 


4. If line segments from two vertices of a tri- 
angle trisect the opposite sides as shown in 
the figure, then the point P divides both line 
segments AM and BN in the ratio 3 to 2. 


5. The line segments joining the mid-points A B 
of the adjacent sides of any quadrilateral form a parallelogram. 





6. Let ABCD be any quadrilateral. If O is any reference point, then 
ÖP = 4(0A + OB + OC + OD) where P is the mid-point of the line 
segment joining the mid-points of diagonals AC and BD. 


7. The line segments joining the mid-points of the opposite edges of a 
tetrahedron bisect each other. 
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8. If a parallelogram is defined as a quadrilateral whose opposite sides are 
parallel, then the opposite sides of a parallelogram are equal. 


9. The sum of the vectors from the center to the vertices of a regular 
pentagon is a null vector. 


10. The lines determined by the external bisectors of the angles of a triangle 
intersect respectively the lines determined by the opposite sides in three 
collinear points. 


11. The line determined by the angle bisector of an exterior angle of a 
triangle divides the opposite side into segments which are proportional 
to the adjacent sides. 


12. If a diagonal of a parallelogram bisects an angle, then the parallelogram 
is a rhombus. 


13. The median to the base of an isosceles triangle lies along the bisector of 
the angle opposite the base. 


14. Theorem of Ceva In any triangle ABC, lines joining three points P,, Pa, 
and P, on sides AB, BC, and CA, respectively, to the opposite vertices 


are concurrent if 
(Fel (ea) = 
P,B/\P,C/\P,A 





1-7 Position Vectors 


It is sometimes convenient to consider a rectangular cartesian coordinate 
system in discussing vectors. In three-dimensional space the position of a 
point P may be determined by its directed perpendicular distances from three 
mutually perpendicular reference planes. These planes intersect in three 
mutually perpendicular lines called the coordinate axes which are usually 
designated as the x-axis, y-axis, and z-axis. The three coordinate planes are 
usually designated by the pair of axes which determine the planes; that 1s, 
the xy-plane, yz-plane, and zx-plane contain the x- and y-axes, the y- and 
z-axes, and the z- and x-axes, respectively. An ordered triple of real numbers 
(a, b, c) may be associated with each point P in space such that a, b, and c 
represent the directed distances from the yz-, zx-, and xy-planes, respectively. 
The scalars a, b, and c of the ordered triple (a, b, c) are called the x-, y-, and 
z-coordinates, respectively, of P. We shall often speak of the ordered triple 
(a, b, c) as the coordinates of P. The point of intersection of the coordinate 
planes has coordinates (0, 0, 0) and is called the origin. 

It is possible to assign two different orientations to a rectangular car- 
tesian coordinate system in space. The coordinate system is said to have a 


26 Elementary Operations chap. 1 


right-handed orientation if, when 
Z Z the positive half of the x-axis is 
rotated 90° onto the positive half 
of the y-axis, then a right-hand screw 
rotated in the same manner would 
advance along the positive half of 
the z-axis. A right-handed coordi- 
nate system may also be described 
by placing the back of a person’s 
A right-handed A left-handed right hand on a table top and ex- 
coordinate system coordinate system tending the thumb, index finger, and 
middle finger in three mutually per- 
Figure 1-29 pendicular directions such that the 
middle finger points upward from 
the table top. Let the thumb, index finger, and middle finger be associated 
with the positive rays of the x-, y-, and z-axes, respectively. It is possible 
to describe a left-handed coordinate system in a similar manner with the use 
of a person’s left hand. While both orientated coordinate systems may be 
used in discussing vectors in space, it is necessary to choose and use one, 
and only one, of the two systems since certain fundamental considerations 
change with orientation (See §2-6). A right-handed coordinate system will 
be assumed throughout our discussion of vectors. . 
It is convenient to choose three unit vectors, designated as i, j, and k, 
with a common initial point at the origin and terminal points at (1, 0, 0), 
(0, 1, 0), and (0, 0, 1), respectively, as a basis for vectors in three-dimensional 


X Y 


Z 
e E -~ E: (0, y, z) 


| 
l 








F: (0,0, z) 


/ 


| 
i 
| 
l 
s / 1 
D: (x, 0, 2)¢---}+------------------+---25 P: (x, y, Z) 
=> i 
| 






A: (x, 0, 0) 


Figure 1-30 
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coordinate space. Note that i, i, and k constitute a basis since they are 
linearly independent. Now, with each point P: (x, y, z) in space we may 


associate a position vector OP whose initial point is the origin and whose 
terminal point is P. Then position vector OP may be expressed as xi + yj 


+ zk. Note that in Figure 1-30 the position vector OP may be associated with 
a diagonal of a rectangular parallelepiped whose edges are equal to |x|, 


|y|, and |z|. Therefore | OP | can be determined by using the Pythagorean 
theorem twice; that is, 
|ÕP P = | OBP + | BP} 
=| 0A! + [0Ċ} + |D}; 
\OP| = Vx +y 422. 
The real scalars x, y, and z are sometimes called the components of OP. 


Since OP is a unique linear function of i, i, and k, then two position vectors 
are equal if, and only if, their corresponding components are equal. The fol- 
lowing theorems may be proved using the previous definitions and theorems 
about vectors. 


Theorem 1-10 The components of the sum (difference) of two position vectors 
are equal to the sum (difference) of the corresponding components of the 
vectors; that is, if a= xi + yi + z,k and b = xi + yj + zk, then 


a T b =(%, + x,)i (Wi voi (27 oe z»)k. 


Theorem 1-11 The components of a scalar multiple of a position vector are 
equal to the scalar multiple of the corresponding components of the vector; 
that is, if a= xi + yj + zk and m is a scalar, then ma = mxi + myj 
+ mzk. 


Example 1 Determine the position vector of the point P: (3, —4, 12). Find 
its magnitude. Determine the unit position vector in the direction of OP. 
The position vector of the point P: (3, —4, 12) is 
OP = 3i — 4j + 12k. 
Its magnitude is given as 
| OP| = /3* + (—4)? + 12? = 13. 
The unit position vector in the direction of OP is given as 


OP 32 42+ , 12 
—— = 5 İ — -sj t 5k 
| OP | 13 13 13 
Example 2 Determine the coordinates of the point which divides the line 
segment from A: (1, —2, 0) to B: (6, 8, —10) in the ratio 2 to 3. 
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Let P be the desired point. Using Theorem 1-9, OP — 20B + 320A. 
Now, OB = 61 + 8j — 10k, and OA = i — 2j. 
Then, 
20B = 12i + 186j — 22k, and 204= 27 — $j. 
Therefore, 
OP = (12 + 2)i + 8 — 2) + (2e + 0k 
= 3i + 2j — 4k. 
Hence, the coordinates of P are (3, 2, —4). 
Example 3 Determine the two-point form of the equation of a line on a 
plane (Figure 1-31). 


Let A: (x,, y,) and B: (x, Ya) be 
any two given points on line /. Let 
P: (x,y) be any point on line /. 
Since A, B, and P are collinear, 





then AP = tAB for any real num- 
ber t; OP — OA = t(OB — OA). 
Now, OP = xi + yi; OA = xi 
+- yi: OB - = Hal + Yaj. There- 
fore, 
Figure 1-31 (x — x,)i + (y 4 Wi 
= U(x, — x1)i + t(y, — y)j. 
Since i and j are linearly independent vectors, then 
(x — x) = tx — x) and (y—y) = tr — V1) 

represents a parametric form of the equation of the line with para- 
meter t. Equating the t’s in the two equations, 

Nel a, De a 

Xo — Xy Ve—-Y 
which represents the two-point form of the equation of a line through 
(xı, yı) and (xə, Yə). 


Exercises 


In Exercises 1 through 4 find (a) OP; (b) | OP); (c) a unit position vector 
in the direction of OP. 

1. (2, 2, 1). 2. (—3, 4, 5). 

3. (3, 0, 0). 4. (1, 1, 1). 
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In Exercises 5 through 10 describe the locus of the points (x, y, z) such that: 


5. x = 0. 6x=y=0. 
1 = 3. 8. |z| < 1. 
9, xX +y 2 2? = I, 10. |x| < 4, |y| < 4, and |z| < 4. 


11. Determine the distance between the point P: (x,y,z) and (a) the 
xy-plane; (b) the x-axis. 

12. Determine if the three points M: (2, 5,9), N: (0, 1, 1), and P: (3, 7, 13) 
are collinear. 

13. Determine if the three points M: (1, 2, 3), N: (5, 4, —2), and 
P: (—2, —1, 5) are collinear. 

14. Given A: (3, 2, 4) and B: (5, 3, 4), show that AB is parallel to the xy- 
plane. 


15. Given A: (3, —1, 17) and B: (8, 9, 2), find the coordinates of the point 
which divides the line segment AB in the ratio (a) 1 to 1; (b) 2 to 3; and 
(c)2to —1. 

16. Find the coordinates of the centroid of the triangle with vertices 
A: (Xis Yi Z1), B: (X2, Ya, Z2), and C: (x3, Y3, Z3). 


chapter 2 


Products of Vectors 


2-1 The Scalar Product 


The concept of a vector as a physical quantity having magnitude and direc- 
tion, or as a directed line segment, does not imply how the product of two 
vectors shall be defined. No a priori definition exists. We may arbitrarily 
define the multiplication of vectors in any one of several ways. The inter- 
pretation of the results of our definition may differ in some instances from 
the interpretation of ordinary multiplication of scalars; that is, certain alge- 
braic properties of the algebra of real numbers may not be valid for a par- 
ticular definition of the product of two vectors. The admittedly arbitrary 
choice of one definition over another has been motivated by heuristic con- 
siderations. That is, we choose the definition which is most suitable for the 
applications of the product. By studying the ways in which vector quantities 
are combined in physical situations, we are motivated to define two types 
of products. The first type of product of two vectors results in a scalar and 
is called the scalar product. 

When an object is moved from a point A to a point B along a straight 
line, by being acted upon by a constant force f as in Figure 2-1, we are 
often concerned with the amount of work that is done by the force. The 
force f may be considered as the sum of two vectors f , and f ə with magni- 
tudes | f | cos ð and | f | sin 0, respectively. Only the vector component whose 
magnitude is | f | cos 0 results in the displacement d of the object from A 
to B, a distance equal to | d |. The amount of work accomplished in displacing 
the object from A to B may be represented by the product (| f | cos 0) |d |. 
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ot 


d= AB 
Figure 2-1 


This scalar may be considered as one type of product of f and d. The consi- 
deration of a number of similar physical problems suggests to us a definition 
for the product of two vectors. 


Definition 2-1 The scalar, or dot, product of two given vectors a and b, 
designated a-b and read “a dot b”, is defined by the identity 


a-b =|a\||b| cos (a, b), (2-1) 


where (a, b) is the smallest angle between the two vectors measured (counter- 
clockwise or clockwise) from a to b when the vectors have a common initial 


point; that is, 0° < \(a, b) | < 180°. 


The right-hand member of the identity (2-1) is a scalar quantity; hence 
the term scalar product of two vectors. The dot used to indicate the type 
of multiplication between a and b leads to the term dot product. Another 
name frequently used for the scalar product of two vectors is the inner product. 

In Figure 2-2 it can be seen that, geometrically, a-b is equal to the product 
of the directed magnitude (signed length) of the projection of a onto b and 
the magnitude (length) of b. 

From the definition, the scalar product b-a is given by the expression 





(a, B) b 
HA cos (a, b )> 
lb | 
ag-b>0O a-b<O 


Figure 2-2 
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b-a =|b||a|cos(b, a). (2-2) 
Now, since angle (b, a) is the negative of angle (a, b) and cos (a, b) equals 
cos [—(a, b)], then cos (a, b) equals cos (b, a). Since |a||b|=|b]|al]|, the 


following theorem is proved. 


Theorem 2-1 The scalar product of two vectors is commutative; that is, 


d ~d -Ú —_— 


a:b = bea. (2-3) 


By the definition of the scalar product and the fact that cos 0° = 1 and 
cos 90° = 0, we may obtain the next two theorems. 


Theorem 2-2 The scalar product of a vector with itself equals the square of 
its magnitude, that is, FS . 
a.a = |a|’. (2-4) 


Theorem 2-3 If two nonzero vectors a and b are perpendicular, then a-b = 0. 


Notice that the converse of Theorem 2-3 is not necessarily true. If 
a-b = 0, then either at least one of the vectors is a null vector, or the two 
nonzero vectors are perpendicular. A modified converse of Theorem 2-3 
is valid, however. 


Theorem 2-4 If the scalar product of two nonzero vectors is zero, then the 
vectors are perpendicular. 


Since the scalar product of two vectors may be zero when neither factor 
is zero, division of a scalar product by a vector as an inverse process to 
finding the scalar product cannot be performed. Consider a-b = a-c; then 
b=c may or may not be true. For example, a and b may | be two nonzero 
perpendicular vectors and c may be a null vector. Then a+b = , but 
b#e. 


Theorem 2-5 The scalar product is distributive with respect to the addition of 
vectors, that is, 
a‘(b+c)=a-b+atrc. (2-5) 
Proof: Let b’, c' be the signed magnitudes of the projections of 
b and c, respectively, along a, as in Figure 2-3. Then b + c’ is the 
signed magnitude of the projection of b + c along a. The equation 
jal +e) = lab + jale 
is then equivalent to a- (b + c) — ab + ac. 


Theorem 2-6 A real multiple of the scalar product of two vectors is equal to 
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the scalar product of one of the vectors and the real multiple of the other; 
that is, 


m(a+b) = (ma)-b = a-(mb). (2-6) 
Proof: m(a- b) = m|a||b| cos (a, b) 

= |ma||b| cos (ma, b) = (ma): b 

— ja | |mèb | cos (a, mb) = a- (mb). 


Any vector in space may be represented in the form xi + yj + zk 
in terms of the unit vectors i along 
the x-axis, j along the y-axis, and 
k along the z-axis. By Theorem 2-3 


= 





i-j= j- -7 =0, 
j-k=k-j =O, (2-7) 
kei =i-k =0. 
By Theorem 2-2 
i-i= is 
j-j=1, (2-8) 
Figure 2-3 kek= l. 


The scalar product of two position 
vectors may now be determined as shown in Theorem 2-7. 


Theorem 2-7 The scalar product of two position vectors is equal to the sum 
of the products of their corresponding components; that is, if a = xi + y, j 
+ z,k and b = x,i + yf + zk, then 
a+b = XiX F YıY2 F Zi Zə. (2-9) 
Proof: Making use of Theorems 2-1, 2-5, and 2-6, 
a-b = (x,i a yj T zik). (x,i = Yaj a zk) 
= X,x,(i- i) + xıya(i -+ j) + xıZa(i k) 
+ YiXa( j-i) + YıYa(jJ- j) + YıZ:(j +k) 


F z,X,(k- i) T Zz, ya(k- jf) 3 z,Z5(k+k). 
But, 


and 


Therefore, a 
a+b = X\X_ + WYo + 220. 


Example 1 Determine the magnitude of the position vector ae Äi 3j 
+ 12k. Then determine a unit vector in the same direction as a. 
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By Theorem 2-2, lal? = a-a. Therefore, 
jaļ|=Ẹpa-a = VAF + OF FON = 13. 


The unit vector in the same direction as a is that vector u = xi 
+ yj + zk such that 13u = a; that is, 13(xi + yj + zk) = 4i + 3j 
+ 12k. Hence, u = 4i feag + 12k. 
Example 2 Determine the angle between the position vectors 
a = 3i — 2j + 6k, 
b = —3i — 5j + 8k. 
Let 6 denote the angle between a and b. By Definition 2-1, a-b 
= la | b | cos 8. Since neither a nor b is a null vector, 


arb _ (3)(—3) + (=2)(—5) + (6)(8) _ 49 


COST e eS ee = 
la] | |a||5| }a|| 5 | 
where |a|? = a-a, and |b} = b-b 
Now, 
lal = VOF + (C2 +F 6 = 7, 
and | 
[b| = vi 3P + C5 + BYP = IV 2. 
Hence, 
49 ] 
CS ee Se d O= AS, 
cos Do 7T an 


Example 3 Find the signed magnitude of the projection of 
a=3i — j — 2k onb =i + 2j — 3k. 
_ The signed magnitude of the projection of a on b is equal to 
|a| cos 6 and, since |b| = 0, 


—_ 


aA». 


|a| cos = E 
Therefore, 
3} cos 9 — GM) + (DQ) + (—2)(—3)__ _7_ _ V4 


NOFF 2)? + (—3)P /14 2 
Example 4 Verify Theorem 2-5 (the scalar product is distributive with 
respect to the addition of vectors) when 
a = 2i — 3j + 4k, b = i — j + 2k, and ¢ = 3i + 2j +K. 
We evaluate and compare the two members of equation (2-5) for the 
given vectors a, b, and c: 
a-(b +c) = (2i + 3j + 4k) [G — j + 2k) + Bi + 2j +k) 
= (2i — 3j + 4k) (4i + j + 3k) 
= (2X4) + (—3)0) + (96G) = 17; 
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a-b +a-c =(2i —3j + 4k)-(i — j + 2k) 
+ (2i — 37 + 4k)-(37 + 27 +k) 
= (20) + (—3)(—1) + 4()] 
+ [(2)(3) + (—3)(2) + 4A] 
= 13 + 4 = 17. 
Hence Pare ne 
a(b+c)=a-bt+asec. 


Exercises 


. Determine the magnitude of the position vector a=2i+4+ 2j +k. 


Determine a unit vector in the same direction as a. 


. Determine the angle between the position vectors a = 3i — j — 2k 


and b = i + 2j — 3k. 


. Find the magnitude of the projection of the vector a= i — 3j + 2k 


on b = 4i — 3j. 


. Prove that if a = i + 3j — 2k and b = i — j — k, then a and b are 


perpendicular. 


. Prove that (a) riers | = Ir | |ro|- State the conditions for (b) ries 


=Irillrels (Oren. = —|r, | [rol 


6. Find the magnitude of the vector xi + yj + zk. 


7. Find the cosine of the angle between the diagonal of a cube and one 


10. 
11. 


12. 


13. 


of its edges. 


. Find: (a) the magnitude of RS where R: (—1, 2,0) and S: (5, 5, 6); 


(b) a unit vector in the direction of RS. 


. Use scalar products to prove that the triangle whose vertices are 


A: (1, 0, 1), B: Cl, 1, 1), and C: (1, 1, 0) is a right isosceles triangle. 
Explain why there is not an associative law for the scalar product. 
Prove that a-a =Oisa necessary and sufficient condition for a to be 
a null vector. 


Prove that if the scalar product of a vector a with each of the three 
linearly independent vectors i, j, and k is zero, then the vector is a 
null vector. 

If A, B, and C are points whose coordinates are (1, 0, 0), (0, 1, 0), and 
(0, 0, 1), respectively, then find the magnitude of the projection of AB 
on AC. 
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2-2 Applications of the Scalar Product 


Many theorems in elementary plane geometry, trigonometry, and analytic 
geometry have exceedingly simple vector proofs. In this selection the proofs 
of several such theorems shall be illustrated. Vector proofs involving the 
scalar product usually involve one of two special cases: the first, when the 
vectors are nonzero perpendicular vectors, in which case the scalar product 
is zero (Theorem 2-3); the second, when the vectors are equal, in which 
case the scalar product is equal to the square of the magnitude of the vector 
(Theorem 2-2). 


Example 1 If the diagonals of a parallelogram are perpendicular, then the 
parallelogram is a rhombus (Figure 2-4). 


Let ABCD be a parallelogram. Let a and b be associated with the 
adjacent sides AB and BC, respectively. Then a+b and a—b are 
vectors associated with the diagonals. If the diagonals are perpendicular, 
then (a ++ b). (a — b) = = 0. However, 


(a + b)-(a — b) = (a + b)-a — (a + b)-b 
=a-a + bea —a-b — 3-5 
= a.a — b.b (since b-a = a- b) 
= |a} — |b. 
Therefore, la|? — |b = 0, or |a! = Ib]. Hence, two adjacent sides of 


the parallelogram are equal, and the parallelogram is a rhombus. 





Figure 2-4 Figure 2-5 


Example 2 The sum of the squares of the diagonals of any parallelogram is 
equal to the sum of the squares of the sides (Figure 2-5). 

Let ABCD be any parallelogram. Let a and b be associated with the 

adjacent sides AB and BC, respectively. Then AC and DB are vectors 


associated with the diagonals where AC = a + b and DB = a — b. 
Now, 


AC- AC = (a + b). (a + b) 
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| ACE = lal? + |B? + 2a-b 


and 
DB- DB = (a — b)-(a — b) 
| DB} =|al? + |b)? — 2a-b. 

Therefore, 

|AC/? + | DBP = 2|aP? + 2/50. 
Since 

|a|=|AB| =|CD|, and |b| =| BC| =| DA|, 

then 


| AC + | DB)’ =| ABP + | CDP + | BCP + | DAP; 
that is, the sum of the squares of the diagonals of any parallelogram is 
equal to the sum of the squares of the sides. 


Example 3 An angle inscribed in a semicircle is a right angle (Figure 2-6). 


Consider the semicircle ACB with center at O where the points A, 
B, C, and O do not pairwise coincide. Associate vectors a and c with 
radii OA and OC, respectively. Then the vectors —a,a—c, and —a 
=, may be associated with the line segments OB, CA, and CB, respec- 
tively. Now, 


(a —c)(—a —c) = —a-a — a-c + c-a cecel jal. 
But lc| = lal, since the radii of the same circle are equal. Hence 
(a — c)*(—a — c) = Q0. It follows that the line segments CA and CB 


associated with these vectors are perpendicular, or C coincides with 
A or B. Therefore, the angle inscribed in a semicircle is a right angle. 


C 
a-c A 
b c 
B = = A C Ze = B 
—g a a 
Figure 2-6 Figure 2-7 


Example 4 Derive the law of cosines (Figure 2-7). 


Let ABC be any triangle. Associate a, b, and c with sides CB, CA, 
and BA, respectively. Denote angle ACB by 6. Now, 
c=b—a 
and 
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c-c =(b — a)-(b — a) 
= (b —a)-b — Ped 
— b-b —a-b— bapa 
Then F . F .. -. 
|e}? =|b}? + Jal? —2a-b (since b-a = a-b) 


= |b)? +]al? —2]a||b| cos 8. 
Example 5 The median to the base of an isosceles triangle is perpendicular 
to the base (Figure 2-8). 
Consider an isosceles triangle ABC with M the mid-point of the 
base AB. Associate a, b, and m with equal sides CA, CB and median 
CM, respectively. Side AB may now be associated with b — a. Now, 


b— m= 4(b — a) 

m= 4(b + a). 

Then 

m-(b — a) = 4(b + a)-(b — a) 
= 2(/6/? — |a|?). 

Since sides CA and CB are equal, la | = |b], |b| — |a|? = 0, and 
m-(b — a) = 0. Therefore, m is perpendicular to b — a since Im | + 0 
and |b — a | Æ 0; that is, the median CM is perpendicular to side AB. 





Figure 2-8 Figure 2-9 


Example 6 The altitudes of any triangle are concurrent (Figure 2-9). 


If ABC is a right triangle, the theorem is obviously true. Let ABC be 
any triangle, other than right triangle, with altitudes AD and BE inter- 
secting at point P. Let F be the point of intersection of line CP and side 
AB. Then 

PB-(PC —PA)=0, and  PA-(PB— PC)=0O. 
Therefore, 
PB-(PC — PA) + PA-(PB — PC) = 0 
PB-PC — PA-PC = 0 
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(PB — PA)-PC =0 
AB- PC = 0. 
Since | AB| ~ 0 and | PC| ¥ 0, the line PC is perpendicular to side AB; 
that is, line segment CF is the altitude to side AB and contains the point 


P, the point of intersection of the other two altitudes. Hence, the alti- 
tudes of any triangle are concurrent. 


Notice that the proofs of the theorems in Examples 1 through 6 involved 
the use of vectors that were not expressed with reference to a coordinate 
system. The following examples make use of the concept of the scalar prod- 
uct of two position vectors. 


Example 7 Prove that cos (9 — ¢) = cos @ cos @ + sin @ sin œ (Figure 2-10). 
Let a and b be unit position vectors on a cartesian coordinate 
plane, such that the vectors a and b form angles 0 and ®s respectively, 
with the positive half of the x-axis. Then a = cos 0 i + sin j and 
b = cos i a sin d j. Now by Definition 2-1, 
a-b =|a||b|cos (a, b) =|a||b| cos (p — 6) 
= la||b| cos (6 — p) = cos (0 — œ). 
Note that we may consider a and b as vectors in space whose third 
components are zero. By Theorem 2-7 the scalar product of the unit 
position vectors a and b may be expressed as 


a-b = cos 0 cos ġ + sin 0 sin ¢. 


Hence, 


cos (6 — œ) = cos 0 cos ġ + sin @ sin œ. 





(1,0) 
Figure 2-10 Figure 2-11 





Example 8 Determine a formula for the distance between two points in 
space (Figure 2-11). 

Let A: (x, Viz Z Zi) and B: (x, Y2, Zə) be any two points in space with 

position vectors a and b. Then a = xi + yi + z, k, b = Xai + yj 
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+ z,k, and AB = b — a. The distance between A and B equals |b —a |. 
Now, PO . F . 

b — a =(X_. — X)i + (V2 — W)J + (2 — 2,)k. 
According to Theorem 2-2, 


1b — al =~r/(b — a)-(b — a) (2-10) 


represents the vector formula for the distance between two points in 
space. Since 


(6 — a)-(b — a) = (%) — x1)? + G2 — 1)? + Ge — 2), 
|b-—al=VOr— uP Fry t+ G—2zy 2-11) 
represents the cartesian coordinate formula for the distance between two 
points (x,, y,, Z,) and (x3, Yə, Zə). 
Other applications of the scalar product shall be considered in subsequent 
sections of this chapter. In Chapter 3 the use of the scalar product, along 
with other concepts to be developed in the present chapter, shall be con- 


sidered as they apply to the study of the coordinate geometry of planes and 
lines in three-dimensional space. 


Exercises 


Make use of the concept of the scalar product of two vectors to prove the 
theorems stated in Exercises I through 11. 


1. The diagonals of a rhombus are perpendicular. 


2. In any right triangle the square of the hypotenuse is equal to the sum 
of the squares of the other two sides (Pythagorean Theorem). 


3. In any right triangle the median to the hypotenuse is equal to one-half 
the hypotenuse. 


4. The line segments joining consecutive mid-points of the sides of any 
square form a square. 


5. The sum of the squares of the diagonals of any quadrilateral is equal 
to twice the sum of the squares of the line segments joining the mid- 
points of the opposite sides. 


6. If, from a point outside any circle, a tangent and a secant through the 


diameter are drawn, then the tangent is the mean proportional between 
the secant and its external segment. 


7. cos (6 + d) = cos 6 cos d — sin @ sin ¢. 


8. If a line is perpendicular to two intersecting lines at their point of inter- 
section, then the line is perpendicular to the plane determined by the 
intersecting lines. 
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9, For any triangle ABC, | AB| =|AC|cos A + | BC| cos B. 


10. The perpendicular bisectors of the sides of a triangle are concurrent. 


2-3 Circles and Lines on a Coordinate Plane 


In analytic geometry many properties and equations related to the circle 
and the line may be derived by vector methods. In this section a selection 
of those properties and equations whose derivations may be obtained by 
use of the scalar product are illustrated through a sequence of examples. 


Example 1 Determine the equation of a circle with center at C: (x,, y,) and 
radius a (Figure 2-12). 


Let P: (x, y) be any point on the circle with center at C: (x,, y,) and 
radius a. Then | CP| = a, and 


CP . CP = a’? (2-12) 
represents a vector form of the equation of the circle. Since CP = OP 
— OC, 

(OP — OC)-(OP — OC) = a? (2-13) 


also represents a vector form of the equation of the circle. Now 
OP =xi+yj, OC=x,i + y,j, and CP= OP — OC = (x — x,)i 
+ (y — y,)j. Hence by (2-12), 

(x — x) + (y — y) = a (2-14) 
represents a rectangular cartesian coordinate form of the equation of a 
circle with center at C: (x,, y,) and radius a. 


P: (x, y) 


x< 


Lx x 
i 


Figure 2-12 Figure 2-13 





Example 2 Determine the equation of the line / passing through a given point 
P,: (x, y;) and perpendicular to a given vector n=ai +b j (Figure 2-13). 
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Let P: (x,y) be a general point on the line /. Then OP — OP, is 
perpendicular (normal) to n, and 
(OP — OP,)-n =0 (2-15) 
represents a vector form of the equation of line /. Since OP =xi + yj, 
OP, =x,i + y,j,andn =ai + bj, then 
OP — OP, = (x — x)i + — y)j 
and 
(OP — OP,)-n = a(x — x,) + Dy — y)). 
Therefore, 
a(x — x,) + Dy — y,) = 0 (2-16) 
represents a rectangular cartesian coordinate form of the equation of 
the line /. Note that the coefficients of x and y are the horizontal and 


vertical components of the vector normal to the line. We shall make 
use of this fact in the next two examples. 


Example 3 Determine a formula for the distance r between a point 
Pi: (x, yı) and a line ax + by + c = O (Figure 2-14). 


Note that the distance between a point P, and a given line is defined 
to be the shortest distance, and is measured along the line through P, 
perpendicular to the given line. Let Po: (Xo, Yo) be any point on the 
given line; then, aX + by, +c=0. Let n be any vector normal to 
the line, such as ai ae bj j. Then the distance r is the magnitude of the 


projection of P,P, on n and, as in Example 3 of §2-1, 


_ IPP: n) 


|| 


(2-17) 


Since P,P, = (x; — xo)i + (yı — Yo)j, and n = ai + bj, then 






ax+by+c=0 





Figure 2-14 Figure 2-15 
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mo |a(xı — xo) + b(yı — Yo) | 
~oo vefe ` 
Now, —ax, — by, = c. Therefore, 
_ |ax + by, +c] 2-18 
= Set. TPB (2-18) 
Example 4 Determine the equation of the line /, tangent at P,: (x,, y,) to 
the circle whose center is Py: (Xo, yo) (Figure 2-15). 

Let P: (x, y) be a general point on the tangent line /. Line / is tangent 
to the circle if, and only if, P,P is perpendicular to P,P,, the radius 
vector to the tangent. Therefore, 

PPP P= (2-19) 
and 

(OP — OP,)-(OP, — OP,) = 0 (2-20) 
represent vector forms of the tangent line /. Since PP = (x — x,)i 

+ (y — yı)j and P,P, = (xı — xo)i + (yı — Yo)j, then 
(x — x) (xı — xo) + (¥ — Y) yı — Y) = 0 (2-21) 
represents a rectangular cartesian coordinate form of the equation of 
the line /, tangent at P,: (x,, y,) to the circle whose center is Po: (Xo, Yo). 


Exercises 


1. Determine the equation of a circle with center at C: (1, —3) and radius 4. 


2. Determine the equation of the line passing through P,: (2, 1) and per- 
pendicular to n = 3i — j. 


3. Find the distance from P,: (3, 2) to the line 3x + 4y — 7 = 0. 


4. Determine the equation of the line tangent at P,: (5,1) to the circle 
whose center is P,: (3, —2). 


5S. State a vector form of the equation of the straight line through the origin 
parallel to b. 


6. Use the result of Exercise 5 to determine a rectangular cartesian coordi- 
nate form of the equation of the line through the origin parallel to 
b = b, i+ b,j j. 

7. State a vector form of the equation of the straight line through the 
terminal point of a and parallel to b. 


8. Use the result of Exercise 7 to determine a rectangular cartesian coordi- 
nate form of the equation of the line through (a,, a,) parallel to b = b, i 
+ b,j. 

9. Find a formula for the distance r from the origin to the line ax + by 
+c=0. 
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2-4 Translation and Rotation 


It is often desirable or necessary to change the position of a coordinate 
system relative to particular geometric figures in order to improve the 
efficiency of the system. A change of the positions of the axes of a rectangular 
cartesian coordinate system which results in another rectangular cartesian 
coordinate system, which preserves distance, is called a rigid motion trans- 
formation of the coordinate system. Two such rigid motion transformations 
in the plane are discussed in this section. 

A transformation which maps the x- and y-axes onto new axes, denoted 
by x’ and y’, parallel to and oriented as the original x- and y-axes, respec- 
tively, is called a translation of the coordinate axes. Let the origin O’ of the 
x’ y’-coordinate system be located at the point (h, k) in the xy-system. The 
relation between the x’y’-coordinates and the xy-coordinates of any point 


P in the plane may be determined by vector methods. Now OP = OO’ + OP 
(Figure 2-16). Therefore 
xi + yj = (hi + kj) + i + yj) 
= (x + Wi + +o. 
Since 7 and j are linearly independent vectors, 
x= x +h, 


rera (2-22) 





Figure 2-16 Figure 2-17 


Example 1 Determine the equation of x? — 6x + y? — 8y + 9 = 0 in the 
x’y’-system obtained by a translation of axes such that the point (3, 4) 
becomes the new origin. 


By the equations (2-22), x = x' + 3 and y= y’ 4+ 4. Then (x’ + 3)’ 

— 6(x’ + 3) + (y’ + 4)’ — 8(y’ + 4) + 9 =O; that is, (x) + (yP = 16. 
Consider a transformation whereby the x’- and y’-axes are obtained by 
rotating the x- and y-axes through a positive angle 6 about the origin. Such 
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a transformation is called a rotation of the coordinate axes about the origin. 
Note that in this case the origins of the x’ y’- and xy-systems coincide. Let 
P be any point in the plane with coordinates (x’, y’) and (x, y) in the x’y’ 
and xy-systems, respectively. Now, as in Figure 2-17, 
OP = xi + yj = xi Hyj 
where i’ =cos6i + sin Oj and j = cos (0 + 9077 + sin (6 + 90°);. 
Therefore, 
xi + yj = [x’ cos6 + y' cos (0 + 90°)]i + [x sin 0 + y’ sin (0 + 90°)] j 
= [x’ cos 6 — y’ sin Oi + [x’ sin 6 + y’ cos OJ. 
Hence, 
x = x’ cos 0 — y' sin 0, 
l (2-23) 
y = x' sin + y' cos ð. 
Example 2 Determine the new equation of the graph of xy = 4 in the 
x'y'-system obtained by a rotation of axes through 45°. 
Using the equations (2-23) with 0 = 45°, 
x= dl y e i y’ 
r/ 2 ia 
y ee A x! + ly: 
~ 2 ar 
and substituting for x and y in the given mran xy = 4: 
r* — ape + ze") =4 
a(x)’ — 3("') = 4 
wY- PF =8. 


Exercises 


In Exercises 1 through 4 find the new coordinates of each given point after 
a translation of the coordinate axes, such that the new origin is at (3, —2) 
in the original system. 


1. (5, 3). 2. (0, 0). 
3. (—2, 1). 4. (3, —2). 
5. Find equations expressing the new coordinates (x’, y’) of a point (x, y) 


in terms of x and y after a rotation of the coordinate axes about the 
origin through an angle @. 


In Exercises 6 through 9, find the new coordinates of each given point after 
a rotation of the coordinates axes about the origin through the stated angle. 
Use the results obtained in Exercise 5. 


6. (3, 0); 60°. 7. (2,13); 30°. 
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8. (1, 2); —90°. 9, (—2, 2); 135°. 


In Exercises 10 through 12, determine the new equation of the graph of each 
equation after a translation of axes, so that the given point is the new origin. 


10. x + 3y + 6 = 0; (0, —2). 
11. x? — 2y + 6x + 8 = 0; (—3, 4). 
12. 9x? + 4y? + 18x + 24y + 9 = 0; (—1, —3). 


In Exercises 13 through 15 determine the new equations of the graph of each 
equation after a rotation of axes about the origin through the angle 6. 


13. V 2x +s 2y + 5= 0; 0 = 45°. 

14. x? — y? — 10 = 0; 0 = 90°. 

15. 7x? — 6/3 xy + 13y? — 16 = 0; 6 = 30°. 

16. Find the new coordinates of the point (3, 4) if the axes are translated, 


so that the origin is the point whose coordinates were (2, —3), and then 
the axes are rotated 60° about the new origin. 


17. Change the order of the transformations in Exercise 16 and determine 
the new coordinates of the point. 


18. A rotation of the coordinate axes about the origin transforms an equa- 
tion of the form 


Ax’? + Bxy+ Cy? + Dx+ Ey + F=0 
into an equation of the form 
A'x? + B'x'y + C'y? + D’x'+ E'y'+ F’ =0. 
Show that 
B” — 4A'C' = B? — 44C. 


In Exercises 19 and 20, determine a rotation of the coordinate axes about the 
origin which makes the x'y' term vanish. 


19. x? + xy +y = 8. 
20. 8x? — 12xy + 17y? + 2x + y = 20. 


21. Determine a rotation of the coordinate axes about the origin which 
makes B’ = 0 in Exercise 18. 


2-5 Orthogonal Bases 


Two nonzero vectors x, and X such that x, Xo — Q are called orthogonal 
vectors. A set of two such vectors constitutes an orthogonal basis for a 


vector space of two dimensions. Three nonzero vectors x,, x,, and x3, such 


that Xm*Xn = 0 for all pairs m, n where m = n, is a set of three orthogonal 
vectors which constitutes an orthogonal basis for a vector space of three 
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dimensions. The set of vectors i, j, and k is an example of a set of three 
orthogonal vectors. Since each of these vectors is a unit vector, the set 
constitutes a normal orthogonal basis, sometimes called an orthonormal basis. 

It is often necessary to determine an orthogonal or orthonormal basis 
for a vector space of two dimensions embedded in a vector space of three 


dimensions. If y, and Vo are two independent three-dimensional vectors, it 
is possible to determine two orthogonal vectors x, and X, in the two-dimen- 
sional vector space spanned by y, and y, (that is, for which y, and y, is a 
basis) by means of the following process: First, let x, = Yi and x, = y, + ty». 
Then ¢ is determined such that XX= 0: 


yO; + D) = 0, 
(ay) + tiy) = 0, 


OER, 
Yı’ Ye 
and 
x= y — EA y. (2-24) 
Yı’ Y? 
Therefore, Vi and 
y, — wey, 
Vir Ve 


constitute an orthogonal basis for the vector space spanned by Vi and Vo. 
An orthonormal basis may be obtained by multiplying each vector by the 
reciprocal of its magnitude. The process that has been used is an elemen- 
tary example of a more general process, called the Gram-Schmidt process, 
for finding orthogonal bases; this process finds application in the study of n- 
dimensional vector spaces. 


Example 1 Find an orthogonal basis for the two-dimensional vector space 
spanned by the vectors i — j and i + 2k. 


Let Yi =j— j and Y, = i + 2k. Then a set of vectors X, and Xa, 
which constitutes an orthogonal basis for the two-dimensional vector 
space spanned by Yı and Yə, may be expressed as 


xļ=i—j 
and 


= hate ae 
(i — j)-(i + 2k) 

— j —2(i +2k) 

Tj AK, 


mL 


ud 


Note that XiX = 0. 
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Example 2 Find an orthonormal basis for the two-dimensional vector space 
spanned by the vectors given in Example 1. 


Now, x,/| x1 | and X»/| Xs | constitutes an orthonormal basis for the 
two-dimensional vector space of Example 1. Hence, the vectors 


represent one orthonormal basis. 
Example 3 Determine a second orthogonal basis for the vector space of 
Example 1. 
The Gram-Schmidt process may be used again, this time letting 
y, = i + 2k and y, = i — j. Then x, = 7 + 2k and 
a oe (i + 2k)-Gi + 2k) (3 sa) 
G + 2k) i — j) 
= į + 2k — 5(i — j) 
= —4i + 5j + 2k. 


Exercises 


1. Determine the values of x for which the vectors (x — l)i 4 xj 
+ (x + 4)k and 27 + xj + k are orthogonal. 


2. Find an orthogonal basis for the two-dimensional vector space spanned 
by the vectors i + k and i + j + 3k. 


3. Find an orthonormal basis for the vector space of Exercise 2. 


2-6 The Vector Product 


A second type of product of two vectors has for its result a vector, and 
is called the vector product. Consider two vectors a and b subjected to 
parallel displacement, if necessary, to bring 
their initial points into coincidence. Let the 
smallest angle from a to b be designated by 
the symbol (a, b); that is, 0° < |(a, b)| < 180° 
(Figure 2-18). 


oF 






— / 


Definition 2-2 The vector, or cross, product 
of a and b, designated a x b and read “a 
cross b”, is defined in general as a third vector 
c such that: 


la| |5| |sin(a, B)] 
(a, b) 





-> 
a 


Figure 2-18 


(i) the magnitude of c is equal to the area 
of a parallelogram with adjacent sides a and b; that is, 
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|c| =|a||b||sin G@, b)| (2-25) 
(ii) the direction of c is perpendicular to the plane determined by a and 


b and follows the advances of a right-hand screw when a is rotated 
into b. 


Another name frequently used for the vector product of two vectors is 
the outer product. 

From Definition 2-2 it is evident that |b x a|= = la x b | and the direc- 
tion of b x a is opposite the direction of a x b. Hence, the vector product 
of two vectors is generally not commutative and we have: 


Theorem 2-8 The vector product of two vectors is skew-commutative; that is, 
a x b= -—b xa. (2-26) 


Note that when a and b are parallel vectors the parallelogram of Defini- 
tion 2-2 may be thought of as a parallelogram with area equal to zero. We 
sometimes call such a parallelogram a null parallelogram. 


— 


Theorem 2-9 If a and b are parallel, then a x b =Ù. 


Theorem 2-10 For any vector a, 


a 


ax a= (2-27) 


Notice that if it is given that a x b = Ù, then a and b ar 


—à 


parallel; either a and b are parallel, or a = 0, or b 


are not necessarily 
0. 


Theorem 2-11 Jf the vector product of two nonzero vectors a and b is the 
zero vector, then the vectors are parallel. 


Since the vector product of two vectors may be the zero vector when 
neither vector is the zero vector, division of a vector product by a vector, 
as an inverse process to ) finding | the vector product, cannot be defined. Con- 
sidering a xb=axXc,thnb=c may or may not be true. For example, 
consider a and 5 to be two nonzero parallel vectors and c to be a zero vector. 
Thena xb =a x c, but b £c. 

The next theorem will be useful in proving the distributive property of 
the vector product with respect to the addition of vectors. 


Theorem 2-12 If b' is the vector component of b on a line perpendicular to 
a in the plane of a and b, then a x b = a x b' (Figure 2-19). 
Proof: Now, 
|a x b| =|a||6||sin (a, b)| 
and 


-à 


ja x b'| =|a|d’|. 
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Since 
|b’| = |b| cos [90° — (a, b)] 
= |b||sin (a, b)|, 
it follows that la x b| = la x b’ |. Furthermore, 
the direction of a x b is the same as the direc- 
tion ofa x b’. Hence, a xb=axb. 





Theorem 2-13 The vector product is distributive with Figure 2-19 
respect to the addition of vectors; that is, 


ax(b+c)=axbt+axc. (2-28) 
Proof: Let a be a vector per- 
pendicular to the plane of the 
paper in the direction of the read- 
er. Let b’ and c’ be the vector 
components of b and c, respec- 
tively, in a plane perpendicular 
to a. Then a x b' and a x c’ 
are in the same plane (the plane 
of the paper) and are perpendicu- 
lar to b’ and c’, respectively, as 
shown in Figure 2-20. Then 





la x c'|_ lalle'Isin90° _ |c] 
|a x b' | la||b'| sin 90° |b'| Figure 2-20 


and, since Z OMN = / OB'C', 
AOMN ~ AOB'C'’. Hence ON L OC’, and 
a 


— 


|ON| _laxb']. 
pbe] || 
|ON| =|al|b’ + c'|sin90°; that is, ON =a x (b' + c'). From 
AOMN, 
ON = OM + MN=axb +ax c. 
Therefore, 


L 


ax(b'+c)=axb+ax ce’. 


Using Theorem 2-12 we may replace b’ and c’ by b and c, respectively, 
so that F PO P 
ax(b+c)=axbt+axXe. 
Theorem 2-14 A real multiple of the vector product of two vectors is equal 
to the vector product of one of the vectors and the real multiple of the other; 
that is, 
m(a x b) = (ma) x b =a x (mb). (2-29) 
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Proof: From Definition 2-2 we may write 
aX b=|al|b||sin(a, b)| 7, 
where n is a unit vector perpendicular to the plane of a and b, having 
the direction of the advance of a right-hand screw when the first vector 
a is rotated into the second vector b. Now, if m > 0, then 
m(a X b) = mla||b||sin (a, b)|n 
|ma||b||sin (ma, b)|n = (ma) X b 
= |a||mb||sin (a, mb)|n =a xX (mb). 


If m < 0, then 
m(a x b) = ml|al|b||sin (a, b)\n 
= |ma||b||sin (ma, b)|(—n) = (ma) x b 
= |a||mb||sin (a, mb)|(—n) = a x (mb). 


Consider the unit vectors 7, i, and k for the rectangular cartesian 
coordinate system. By Definition 2-2 


ixj=H-jxiek, 
jxk=—kxj=i, (2-30) 
kxi=—ixk=j. 
By Theorem 2-10 e a 
i X i=0, 
jxj=0, (2-31) 
kxk=0 


The components of the vector product of two position vectors may now 
be determined as shown in Theorem 2-15. 


Theorem 2-15 If 
a = xi + yi + zk and b = xi + Yj + Zk, 
then = . N . 
a X b = (YZ — YZı)i + (Zi X2 — ZaXı)j + (XıY2 — X: yı)k. 
Proof: 
a x b= (x,i + yj = zik) x (xai + yj T z,k) 
= XXa (i X i) + XYə(i X j) + xXızZ(i Xx k) 
+ VG X i) + YY X J) +yz] X k) 
+ 2,X(k X i) + Zyə(k X j) + Zzızə(k Xx k). 
By the formulas (2-30) and (2-31), 
axb=0 T x, yk = X1Zof — yı xk T 0 -+ iZi ar ZX» f 
— Z yai + 0; 
a X b = (YZ — YaZı)i + (2X2 — 2X )J + (Xi V2 — X2y,)k. 
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A determinant of order n is a square array of n? elements which represents 
the sum of certain products of these elements. A determinant of order two 
is a square array of the form 
di as, 


b, b, 


whose value is a,b, — a,b,. A determinant of order three is a square array 
of the form 








Aai a GQ; 
b, b, b; 
Ci Co C3 
whose value is 
b, b; b, b, b, b, 
i +a, + a; 5 
Co Cz 3 1 1 Co 




















that 1S, a,b,c; + a,b3C, + a,b, Co == a, b3C — a,b, C3 a d, bC. It 1S often 
convenient to consider the vector product of two position vectors given 
by Theorem 2-15 in determinant form: 


i j k 
axb=|x y zl. (2-32) 
Xə Yo Zo 


It should be noted that the vector product is a meaningful operation for 
vectors in three-dimensional space. The vector product of two vectors is 
defined only for vectors in three-dimensional space. 

Example 1 Find a x b if a = 3i +27 —kandb=i + 4j Iek, 


— 


i J k 
b=|3 2 —1|/=67 — 4j + 10k. 
14 1] 


Example 2 Find a vector perpendicular to line AB for A: (0, —1, 3) and 
B: (2,0, 4), and also perpendicular to line CD for C: (2, —1,4) and 
D: (3, 3, 2). 


The vectors AB and CD are on lines AB and CD, respectively ; 


Then aoe 
i j K 

AB x ČD =|2 1 1|/=—6i +57 + 7k. 
1 4 —2 


Since AB x CD is perpendicular to AB and CD, any real nonzero 
multiple of AB x CD is perpendicular to lines AB and CD. 
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Example 3 Prove that (2 — b) x (a + b) = (2a) x b 

(a — b) x (a + b) = (a — b) x a + (a — b) x b 
(b — a) +b x (b — a) 
b — axa+bxb—bxa 
b — bxa 
b 
x 


| ll 
| 


L 


Qt 


+ x b 
b) = (2 a) x b. 
Example 4 Find the area of the parallelogram with adjacent sides associated 
with a= i — j + k and b = 2j — 3k. 
The magnitude of axb represents the area of the parallelogram 
with adjacent sides a and b. Since 


|l 
N ALALRALAL 
RLX X X XxX 


"~ 


-à —_ -à 


i j k 
axb=|1 =i 1/=7+3j7 +2k 
0 2 -3 


and la x b| = =] i +37 j+ 2k | = a/ 14, the area of the parallelogram 
is ~/ 14 square units. 


Example 5 Prove that |a x b |? + a-b]? = lal? |b}. 
la x b| +]la- bl = |a} |b t sin? (a, b)+ lal lb]? cos? (a, b) 
= |a|? |b |? [sin? (a, b) + cos? (a, b)] 
=|aļ? |b}. 


Exercises 


1. Verify Theorem 2-12 for a = 3i and b = i + 2j. 
2. Verify that the vector product i is distributive with respect to the addition 


of vectors using a = AEk, b= i +2j +k, and c=i—j 
+ 2k. 


3. Show that if a = a,i + a,j + ak and b = bi + b,j + b;k, then 


a, b, i 
a x b — ay b, j Š 
a, b, k 


4. Find a vector perpendicular to lines AB and CD where A: (0, 2, 4), 
B: (3, —1, 2), C: (2, 0, 1), and D: (4, 2, K 
5. Determine a unit vector perpendicular to 
cy 
6. Prove that (a +b) x (c+d)=(a x c)+(a x d) + (b x c) 
+ (b x d). 


Í 


+j and b=3i +2j 
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7. Find the area of a triangle with adjacent sides a= 3i -+ 2j and 
b = 2j — 4k. 

8. Prove that a necessary and sufficient condition that two vectors be linearly 
dependent is that their vector. product be a null vector. 


9, Ifa +b +c = Ù, prove thata xb=bXc=c¢c xa. 


2-7 Applications of the Vector Product 


Many theorems in geometry and trigonometry have simple vector proofs 
based on the concept of the vector product. In this section we shall illustrate 
the proofs of several such theorems as well as the usefulness of the concept 
in physics. Note that a number of the proofs do not involve elements of 
coordinate geometry. 


Example 1 Derive the formula K = 4bc sin A for the area of a triangle. 

Let A, B, and C be any three vertices of a triangle in space (Figure 
2-21). Then the area K of AABC is equal to one-half the area of a 
parallelogram with AB and AC forming adjacent edges. Since the area 
of the parallelogram is the magnitude of AB x AC, it follows that 

K = 4 | AB x AC], (2-33) 
or 
K =14|(OB — OA) x (OC — OA)|, (2-34) 
where OA, OB, and OC are the position vectors associated with the 
points A, B, and C, respectively. By Definition 2-2, equation (2-33) may 
be written as 
K = 4 | AB| | AC| sin (4B, AC) 
= 4bc sin A, 


where b and c denote sides AC and AB, respectively. 


a 


>} 
>p 





A C B 


Figure 2-21 Figure 2-22 


Example 2 Find the area of a triangle formed by taking A: (0, —2, 1), 
B: (1, —1, —2), and C: (—1, 1, 0) as vertices. 
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Now, AB = i + j — 3k; AC = —7 + 3j —k. Then, as in Ex- 
ample 1, 
J k 
ABx AC=| 1 1 —3|= 8i + 4j + 4k, 
3 —!1 


mL 


and 
4|AB xX AC|=4V8 +P L# = 2/6. 

Therefore, the area of A. ABC is 2\/ 6 square units. 

Example 3 Derive the law of sines. 
Let ABC be any triangle. Let a, b, and c be associated with sides 

BC, AC, and AB, respectively (Figure 2-22). Now, a = b — c. Then 
axa=axX(b—c)=aXb—axXc. 

Since a x a = 0, then a x hs a xc — 0 and a x b=axc. 

Therefore |a x b|=|a x cl, and |a||b|sin C = |a||c|sin B. 

Then, since |a | = 0, 








snC _ sinB 
le] |B 
In a similar manner, 
b=ct+a 
bxb=bxX(ct+ta=bxct+bxa 
O=bxct+bxa 
cxb=bxa 
lce xb|=|b xal 


sin A _ sin C 








|a | |c | 
Hence, 
snA sinB _ sinC 


which is the law of sines. 
Example 4 Prove that sin (6 — ¢) = sin 6 cos ¢ — cos 0 sin ¢. 


Let a and b be unit position vectors on the cartesian coordinate plane 
making positive angles 6 and @ with the positive half of the x-axis 
(Figure 2-23). Consider 6 >. Then a = cos ĝi + sin J and b 
= COS bi + sin bj. By Theorem 2-15, 


b x a= (sin 0 cos ġ — cos 0 sin )k. 
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However, by Definition 2-2 with lal = |B | = 1 and 6> 4, 
bx a=|bllalsin(@ — p)k = sin (6 — )k. 


Hence, sin (0 — $) = sin ĝ cos ¢ — cos 6 sin ¢. 


Y 


X = 
(1,0) A 5 C 





Figure 2-23 Figure 2-24 


Example 5 Derive Hero’s formula for the area of a triangle. 


Let ABC be any triangle. Let a, b, and c be associated with sides 
opposite angles A, B, and C, respectively, as shown in Figure 2-24. The 
area K of triangle ABC may be expressed by 


K=4|bxcl. 
Then a 
2K=|b x c| 
4K? =|b x cl. 
By the results of Example 5 in §2-6, 
4K? = |b |c? — (b-c) 
=[ldlle|—G-cMbllc|+@-c 
= [|b||ce|—|b| |e] cos A]f]b||c| + ||| ¢| cos A]. 
By the law of cosines, 
4x? = [ibe EP + lef — lal oye) 4 E+ leh — lok 
16K? = [ja |? — (b| — |e DIK] + le)? —lal 
16K? = (Ja | — |b| + |e)(aj/+lb|—le)db|+le|—lap 
(BI +Icl+ lan. 
If the semiperimeter of AABC is denoted by S, then 
a lel, 


K? =(S — |b)\(S —|c)(S — |a)S; 


K=A/(S — |b)(S — |e)(S —|a)S. 
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Example 6 Prove that if the diagonals of a given parallelogram are used 
as sides of a second parallelogram, then the area of the second paral- 
lelogram is twice that of the given parallelogram. 
Let a and b be associated with two adjacent sides of a given paral- 
lelogram. Then the vectors associated with the diagonals are a + b and 
a — b. The area of a parallelogram with the diagonals as sides is 
expressed by 
(a +5) x @ — È)|=|@ + È) x a — (a + È) x B| 
=|—a x (a +b) +b x (a + b)| 
= |(—a x a) + (—a x b) + (b x a) + x 5) 
=|—(a x b)+ (b x a)| 
= 2|(6 x a)|, 
which is twice the area of the given parallelogram. 
Applications of the vector product in physics are varied and numerous. 


Illustrations of applications to mechanics and light are presented in the 
next set of examples. 


Example 7 Find a vector expression for the velocity of a rigid body rotating 
with a constant angular velocity about a fixed axis (Figure 2-25). 


Consider a rigid body rotating with a constant angular velocity of 
œw radians per second about a fixed axis l. Let @ be a vector with magni- 
tude œw and direction that of the axis /. Let the origin be chosen on the 
axis of rotation, and let r be a position vector of the point P: (x, y, Z) 
on the path of the rotating body. Now, the velocity v of the body at 





Figure 2-25 Figure 2-26 
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P is perpendicular to the plane of œ and r. Let d be the distance between 
P and /. Then 
|\v| = do =|r|sind|o|; 
that is, 
v=o Xr. 
Example 8 State Snell’s law for the refraction of light in vector form (Figure 
2-26). 

Consider a ray of light passing from one medium, where the velocity 
of light is v,, to a second medium, where the velocity is v,. Snell’s law for 
refracted light states that the relationship between the angle of incidence 
6 and the angle of refraction œ is expressed by the equation 

v, sin d = v, sin 0. 

Let n, a, and b be unit vectors where n is normal to the surface of 

separation between the media, and a and b are in the direction of the 

incident and refracted rays, respectively. Then Snell’s law may be stated 
in vector form as 
Va XxXxn=vVb xn. 

Other applications will be considered in subsequent sections of this 
chapter. In Chapter 3 we shall consider the applications of the vector pro- 
duct to the study of the coordinate geometry of planes and lines in three 
space. 


Exercises 


1. Find the area of a triangle whose vertices are A: (1, 1, —1), B: (2, 1, 9), 
and C: (0, 1, 0). 

2. Derive the law of sines by expressing the area of a triangle in vector 
product form. 


3. In the xy-plane, let a and b be unit vectors making angles 6 and —¢ 
with the positive half of the x-axis. Derive the formula sin (6 + $) = 
sin 0 cos @ + cos @ sin œ. 


4. A rigid body is rotating with an angular velocity of 3 radians per second 
about an axis parallel to 2i + j — 2k and passing through the point 
O: (1, 2, —4). Determine the velocity of the rigid body at P: (2, 1, 1). 

5. State the law of reflection of light in vector form. Let n, a, and b be unit 


vectors where 7 is normal to the surface of reflection, and a and b are 
in the direction of the incident and reflected rays, respectively. 


6. Give a physical proof of the distributive property of the vector product 
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by using the hydrostatic principle, that a closed polyhedral surface sub- 
merged in a fluid is in equilibrium with respect to the pressures upon 
its faces. Hint: Use a triangular prism and remember that the pressures 
normal to the faces are proportional to the areas of the faces. 


7. Prove that the area of triangle HJG 
in the given figure is one-seventh 
the area of triangle ABC. The points 

C D, E, and F divide the line seg- 
ments BC, CA, and AB, respec- 
tively, in the ratio 1 to 2. The points 

E G, H, and J divide the line seg- 
ments BE, CF, and AD, respec- 
D tively, in the ratio 3 to 4. The points 
H, J, and G divide the line seg- 
ments BE, CF, and AD, respectively, 
A F B in the ratio 6 to 1. 


2-8 The Scalar Triple Product 


Let a, b, and c be any three vectors. The expression 
a-(b x c) (2-35) 
is called the scalar triple product of a, b, and c. Note that the scalar triple 
product is a scalar. For example, iG x k) =jji= 1; and ieG x i) 
Eo o 
If a, b, and c are three noncoplanar vectors, then they may be associated 
with the sides of a parallelepiped as shown in Figure 2-27. There exists a 
vector perpendicular to the plane of 
the parallelogram determined by b 
and c with magnitude |b x Cl, 
which is equal to B, the area of the 
base of the parallelepiped. The mag- 
nitude of the projection of a on 
b x cis equal to the altitude h of 
the parallelepiped; that is, h= 
la || cos 6| where @ is the angle be- 
tween a and b x c. Note that we con- 
Figure 2-27 sider | cos 0| instead of simply cos 6, 
since the orientation of b and ¢ rela- 
tive to one another may be such that cos 0 would be negative. Hence, the 
volume V of the parallelepiped is given by the expression 


V =hB=|al|b x c||cos 8], 
=|a-(b Xx c)|; (2-36) 
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oe iS, the absolute value of the scalar triple product of any three vectors, 
a, , and c, is equal to the volume of a parallelepiped with sides a, b, and c 
a the same initial point. 

If a, b, and c are position vectors, where a = ai + a,j + ak, 
b =b,i +b,j + b,k, and c = c,i + cj + ck, then, since 

b X c = (b,c; — b3cs)i (Deo b,c3)j + (bic — b,c,)k, 

it follows that 
a- (b x c) = A,(bac3 — bzC2) + aa(b3c, — bic) + a;(bica — baci); (2-37) 


that is, 


a, a, as, 
a(b x c)=]|b, b, b;l. (2-38) 
Cy Cs Ú; 


From elementary theorems on determinants it can be shown that the inter- 
change of two rows produces a change of sign of the value of the deter- 
minant. An even number of such interchanges leaves the value unchanged. 
Thus, the scalar triple product is not changed by a cyclical permutation of 
the vectors; that is, 


a-(b X c)=b-(c X a)=c-(a X D). (2-39) 
Since the scalar product of two vectors is commutative, 
c(a x b) = (a x b)-c. 
Using equation (2-39), 
a-(b X c)=(a X b)-c. (2-40) 
Therefore, in the scalar triple product the operations of scalar and vector 
products may be > interchanged without changing the value of the result. For 
this reason a: .(b x c) is sometimes written without the parenthesis and 


sometimes without any multiplication signs since only one interpretation is 
possible; that is, 


= À à 


a- (b x c) = = a-b x c= = (abc). (2-41) 
It should be further noted that 
(abc) = —(bac) = —(cba) = —(acb). (2-42) 


The verification of these results are left to the reader as an exercise. 

If the three vectors a, b,c are coplanar, then the parallelepiped is a 
degenerate, or null, parallelepiped; that is, a parallelepiped whose volume is 
zero. Hence (abc) = Q. In particular, if two of the three vectors are parallel, 
the scalar triple product vanishes. The proof is left to the reader as an 
exercise. 


Example 1 Find the volume of the parallelepiped whose edges are a, b, 
and c, where a = 3i + 2k, b = i + 2j + k, and c = —j + 4k. 
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The volume of the parallelepiped is given by la+(b x c)|. 





3 02 
a(bxXxc)=|1 2 1l, 
0 —l 4 
2 1 1 2 
= 3 2 
—1 4 0 —1 
= 27—2= 25. 


The volume of the parallelepiped is 25 cubic units. 


Example 2 Find a formula for the volume of a tetrahedron in terms of the 
coordinates of its vertices. 


Let A: (Xi, Yi, Z1) B: (Xo, Yo, Z2), C: (X3, V3, Z3), amd D: (x4, V4, 24) 
be the four vertices of a tetrahedron. Then 
AB = (xX, — x,)i AV yi FU z,)k, 
AC = (x; — xı)i + (Ys — Yı)j + (23 — 2,)k, 
AD = (x, — xı)i + (Ya — V)j + (z, — z, )k. 
The volume of a parallelepiped whose edges are AB, AC, and AD is 
given by the expression 
Xə — Xi Y2 — Yı 22 — 2 
|AB-(AC X AD)| = |x; — xı Y3 — yı Z;— Zl. 
Xa = Xi Ya Yi 24 — 2 
The volume of a tetrahedron is one-third the product of the area of its 
base and its altitude. Since the area of the base of the tetrahedron is 
one-half the area of the base of the parallelepiped, it follows that the 


volume V of the tetrahedron is one-sixth the volume of the parallelepiped. 
Hence, 


V =1|AB-(AC x AD)|; (2-43) 
that is, 
Xə — Xi Y2 — Yı 22 — 2 
V = |X — X Ys — yı Z3 — Zl, 
X4 = X Vg yi 24 — 2 
where the appropriate sign is chosen such that V is non-negative. 
Example 3 Prove the distributive law for the vector product by letting 
n=a x (b+c)—a xb—a x c, and finding m-n where m is an 
arbitrary nonzero vector. 


§ 2-8 The Scalar Triple Product 63 


Now 


v 


fax(b+c)-axb—axc] 

=m-la x (b+ c)] —m-[a x b] —m-[a x c] 

= [(m x a)-(b + c)] — [(m x a)-b] — [(m x a)-c] 

= [(m x a)+b] + [(m x a)-c] — [(m x a)+b] — [(m x a)-c] 
== Q. 


Since m is an arbitrary nonzero vector, m need not be perpendicular to 
n. Hence n must be a null vector, anda x (b+c)=axb+axXce. 


mena = 


L SL 


Example 4 Determine a condition under which four distinct points are 
coplanar (Figure 2-28). 


Let a, b, c, and d be position 
vectors associated with four distinct 
coplanar points A, B, C, and D, 
respectively. Then AC x AD isa 
vector perpendicular to the plane 
of A, B, C, and D, and therefore 


is perpendicular to AB. Hence 
AB-(AC x AD) = 0, and 


(b —a)(c — a) xX (d —a)=0 
(2-44) 
is a necessary condition for four 
points A, B, C, and D to be copla- 
nar. It can also be shown to be a sufficient condition for four distinct 
points to be coplanar. 
The condition that four distinct points be coplanar may also be 
expressed by Theorem 1-5 in the alternate form 


AB = xAC + yAD. 





Figure 2-28 


Then 
b — a = x(c — a) + y(d — a), 
(x+ y— 1)Ja + b — xc — yd = Î; 
that is, scalars k,, k,, k,, and k,, not all zero, must exist such that 
kia + k,b +k,c +k,d = Ù, (2-45) 
where 


ki +k +k, +k, =0. 
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Exercises 

1. Find: (a) jek x i; (b) k- j x i; (c) i-jxX i. 

2. Verify that (abc) = —(bac) = —(cba) = —(acb). 

3. Find the volume of the parallelepiped whose edges are a= i+ k, 
b=i+j, andc =j +k. 

4. Find the volume of the tetrahedron whose vertices are A: (1, 0, 2), 
B: (4, 3, 0), C: (2,0, 1), and D: (3, 4, 0). 

5. Find the volume of the tetrahedron whose faces lie in the coordinate 
planes and the plane 2x + y + 3z — 6 = 0. 

6. Describe geometrically when a. (b x c) is (a) positive; (b) negative. 

T. Verify (2-40) for a = 2i + 3j — 4k, b =i — j +k, and c =i +j 
+ 2k. 

8. Prove that (2- 44) is a sufficient condition for the terminal points of 
a, b, c, and d to be coplanar. 

9. Determine if the four points A: (1, 2, 3), B: (—1, 0, 2), C: (4, 1, 2), and 
D: (4, 3, 5) are coplanar. 


10. Determine if the position vectors a = i + j +2k,b =2i — 3j j+ k, 
andc =i —4j j- k are coplanar. 


2-9 The Vector Triple Product 


In this section we shall be concerned with another triple product involving 
vectors, which finds wide application in geometry, trigonometry, and physics. 
The expression 
aX (bX c) (2-46) 
is called a vector triple product of a a, b, and c. Note that the result is a vector. 
For example, i x (J xk)=i xi=0; and j x (j x i)= j x (— k) 
= — |. Furthermore, note that the vector product is not associative. That is, 
ax(bxc)#(axb)xc. 

For example, (i x i) x j = 0, while i x (i x j) = =j: 

Since b x ¢ is perpendicular to the plane determined by b and c, and 
a X (b x c) is perpendicular to a and b x c, then a x (b x c) must be 
a vector on the plane determined by b and c. Hence, a x (b x c)is a linear 
function of b and c. 


Theorem 2-16 . x i ee Sis 
a x (b x c) = (a-c)b — (a-b)c. (2-47) 
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Proof: Let a x (b x c) = xb + ye. Since a x (b x c) is perpen- 
dicular to a, then 
a-[a x (b X c)] = 0, 
and 
x(a-b) + y(a-c) = 0. 


Now, x and y must necessarily be of the form of multiples of a-c and 


a+b, respectively; that is, x = m(a-c), and y = —m(a-b), where m is 
an arbitrary scalar. Therefore 
a x (b xc) = m[(a-c)b — (a-b)c]. (2-48) 


Since corresponding components of this vector equation must be equal, 
we need only look at the coefficients of i, Ji or k to determine m. Let 
a=a i + ayj + ak, b =b, i + bej + bk, and c = ci +e j + ck. 
Then, equating the coefficients of i after substituting for a, b, and c 
in (2-48), we have 
a(b,c, — b,c,) — a;(b3c, — b,c3) = mb,(a,c, + asc, + a3C3) 
—me,(a,b, + a,b, + a3b;) 
= m[a,(b,c, — b,c,) — a;(b3c, — b,¢;)). 
Hence, m = 1, anda xX (b x c) = (a-c)b — (a-b)c. 
In a similar manner we may show that 
(a x b) x ¢ =(a-c)b — (b-c)a. (2-49) 
Exercises 
1. Find: (a) i x (Gj x k); () i x G X 7); © G xX Fj) x i. 
2. Verify (2-47) for a = 3i — 2j + k, b =2i — 2k, andc =i +37. 


3. Prove the identity: a x (b x c) +5 x (c x a) +c x (a x b) = 0. 
4. Prove that if a, b, c, and d are coplanar, then (a x b) x (c x d) = 0. 


2-10 Quadruple Products 


The concepts of the scalar triple product and the vector triple product make 
it possible to evaluate combinations of multiple vector and scalar products. 
As an illustration of the process, we shall in this section present an example 
of a scalar product of four vectors and an example of a vector product of 
four vectors. These illustrations will then be applied to the subject of spherical 
trigonometry. 

Consider the scalar product (a x b). (c x d) of the four vectors a, b, c 
and d. Now, 
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(a x b) (c x d) =a- [b x (€ x d) 
=a-[(b-d)c — (b-c)d] 
= (a-c)(b-d) — (a-d)(b-c); 


(a x b) (€ x d) = (2-50) 





Example 1 Derive the cosine law of spherical trigonometry. 


Let ABC be any spherical triangle on a unit sphere with sides a, b, 
and c (arcs of great circles). Then, since the sphere is a unit sphere, the 
lengths of sides a, b, and c are equal to the radian measures of angle 
BOC, COA, and AOB, respectively (Figure 2-29). Now, 

(OA x OB). (OA x OC) = (OA-OA)(OB-OC) — (OA-OC)(OB-OA) 
where |OA x OB|=sinc, |OA x OC|=sinb, OB-OC = cosa, 
OA-OC = cos b, and OB-OA = cos c. The angle between (DA x OB) 
and (OA x OC) has the same measure as the dihedral angle between the 


planes OAB and OAC; that is, the angle A of the spherical triangle 
ABC. Therefore, 


sinc sin bcos A = cos a — cos b cos c. 


By a cyclic permutation of the elements, two similar formulas may be 
obtained: 


sin a sinc cos B = cos b — cos c cos d; 


sin b sin a cos C = cos c — cos a cos b. 


aF 


Oy 


b 





Figure 2-29 Figure 2-30 


Example 2 Use the quadruple product 


(b x c) (b x c) = (c x a) (€ x a) 


to obtain a formula for the area of a triangle. 
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Let a, b, and c be associated with the sides of a triangle (Figure 
2-30). Then the area K may be expressed as 4+|b X cl, as d|c X al, 
and as 1|b x a|. Since |b X c|? = (6 X c)-(b x c) and |c xa? 
=(c X a)-(c X a), then (b X c)-(b X c) =(e X a)-(e X a), 

2K(|b||c|sin A) = (ic ||a| sin B)(|b||a| sin C), 
= jal sin Bsin C 
es 2 sin A 


Consider the vector product (a x b) x (c x d) of the four vectors 

a, b, c, and d. The resulting vector is perpendicular to a x b and c x d 
and therefore lies both on the plane determined by a and b, and the plane 
determined by c and d (See §2-9). Hence, (a x b) x (c X d) may be ex- 
pressed both as a linear function of a and b and as a linear function of c 
and d. Now considering (a x b) x (€ X d) as a vector triple product of 
a, b, and € X d, we have, by (2-49), 

(a x b) x (€ x d) = (acd)b — (bcd)a. (2-51) 
In a similar manner, considering (a x b) x (c x d) as a vector triple pro- 
duct of a x b, c, and d, we have 

(a x b) x (€ x d) = (abd)c — (abc)d. (2-52) 
Hence, by equations (2-51) and (2-52), 

(bcd)a — (acd)b + (abd)c — (abc)d = 0. 

Example 3 Show that 


(e x f) x (f x 8) = (fge)f. (2-53) 
By equation (2-52), with e =a, f = b = c, and g = d, 
(ex f) x (f x 8) = (efg) f — (ef P)g 
= (efg) f 
= (fge)f. 
Example 4 Derive the sine law of spherical trigonometry. 
Let ABC be any spherical triangle on a unit sphere as in Example 1 
and Figure 2-29. By equation (2-52), 
(OA x OB) x (OA x OC) = (OA-OB x OC)OA 
and 
\(OA x OB) x (OA x OC)| =|OA-OB x OC. 
Now |OA x OB = sinc, |OA x OC = sin b, and the angle between 
(OA x OB) and (OA x OC ) is angle A of the spherical triangle ABC. 
Therefore, 


sin csinb sin A =|OA-OB x OC]. 
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By equation (2-52), 
(OB x OC) x (OB x OA) = (OB-OC x OA)OB 
and 
\(OB x OC) x (OB x OA)| =|OB-OC x OA| =|OA-OB x OC|. 
Now | OB x OC | = sin a, | OB x OA | = sin c, and the angle between 
(OB x OC) and (OB x OA) is angle B of the spherical triangle ABC. 


Therefore, 

sin a sin c sin B = |OA-OB x ÖC. 
Hence 

sin c sin b sin A = sin a sin c sin B; 
that is, 


sin _ sin B 
sina sind’ 








By a cyclic permutation of the elements, it follows that 


sinB sin C 
e A e 9 


sin b sin c 








and thus that 
snA sinB _ sinC 


sin a sin b sin c ` 


Exercises 


In Exercises 1 through 3 prove the given identities. Use the definition a? = a-a. 

1. (a x b) (b X c) X (¢ X a) = (abcy’. 

2. (a x b) x (a x ¢) = (abc)a 

3. (a x b) (€ x d) X (e X f) = (abd)(cef) — (abc)(def). 

4. Prove that if a is perpendicular to b and c, then (abc)? = a?(b x c). 

5. Verify (2-50) for a = 3i — 2j + k, b = 2i — 2k, c =i +3), and 
d=i+j—k. 


2-11 Quaternions 


The forerunner of vector algebra was the subject of quaternions, the major 
contribution to mathematics of the Irish physicist and mathematician, 
William Rowan Hamilton. Hamilton was mainly interested in developing 
an algebraic system which could describe rotations in space. For example, 
the unit vector 7 in the vector product i xX j may be considered as an 
operator which rotates j through an angle of 90° in the plane perpendicular 
to i so as to coincide with k. The story goes that after years of study on 
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the problem, the key concept of the subject became clear to Hamilton one 
evening in 1843 while walking along the Roya! Canal in Dublin. He im- 
mediately engraved the fundamental formula, i? = j? = k? = ijk = —1, on 
a stone in Brougham Bridge. Hamilton’s “Lectures on Quaternions,” pub- 
lished in 1853, and his “Elements of Quaternions,” published in 1866, a 
year after his death, demonstrated the applications of quaternion algebra 
to geometry and mechanics. The major objection to his algebra was that 
quaternions were simply too difficult to calculate with. It was the opposition 
to the use of quaternion algebra by leading mathematicians of the times 
that led J. W. Gibbs of Yale University, among others, to modify the system 
of quaternions. Gibbs rejected Hamilton’s concept of a single product of 
two vectors, and he defined an algebra of vectors essentially equivalent to 
the one studied today. 

Hamilton’s quaternion algebra depended upon four fundamental units, 
l, i, j, and k, whose products are defined by Table 2-1. 


Table 2-1 





Note that the product of two of these units is generally not commutative. 
A quaternion is an element of the form a + bi + cj + dk, where a, b, c, 
and d are real numbers; that is, the sum of a scalar a and a pure quaternion 
or vector bi+ cj + dk. Consider the product of two pure quaternions 
xii + Xj + xk and yii + yaj + yk. Assuming the distributive property 
of the product with respect to addition, and using Table 2-1, then 


(xii + xaj + xk)(yii + Yaj + ysk) = (Xoys — X3Vo)i 
+ (X3 Yı — X1 Ya) + (X1 Y2 — Xayı)k — (X1 Yı + Xaya + X3Y3). 


Therefore the product of two pure quaternions is a quaternion. Note that 
the two parts of the product correspond to what is considered in vector 
algebra as the vector product and the scalar product of two vectors; that is, 
Hamilton’s concept of the product of two pure quaternions or vectors is 
equivalent to the difference of the vector product and the scalar product of 
the two vectors. 

The value of Hamilton’s algebra of quaternions rests on two points. 
First, the study of quaternions led to the development of vector algebra; 
and second, quaternion algebra destroyed the confines in which algebra had 
been placed, and illustrated that a consistent algebra was possible whose 
structure differed from that of the algebra of complex numbers. 
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Quaternion algebra may also be viewed as a study of ordered quadruples 
of real numbers (a, b, c, d). Then equality, scalar multiplication, addition, 
and multiplication may be defined: 


(i) (a, b, c, d) = (e,f, g, h) if, and only if, a = e, b = f, c = g, and 
d= h: 

(i1) k(a, b, c, d) = (ka, kb, kc, kd), for any real scalar k; 

(iii) (a, b, c, d) + (e, f, g, h) = (a + e,b + f,c +g8,d +h); 

(iv) (a, b, c, d)X(e, f, g, h) = (ae — bf — cg — dh, af + be + ch — dg, 

ag + ce + df — bh, ah + de + bg — cf). 
Essentially, we may consider a correspondence between quaternions as 
ordered quadruples of real numbers and quaternions as real multiples of 
l,i j,k: 
a+ bi + cj + dk «—> (a, b, c,d) = a(1, 0,0,0) + b(0, 1,0, 0) + c(0, 0, 1,0) 
+ d(0, 0, 0, 1), 
where 
1< (1, 0, 0, 0); ¿ <> (0, 1, 0, 0); 7 <> (CO, 0, 1, 0); 
and 
k «> (0, 0, 0, 1). 

It should be evident that we may consider three-dimensional vectors as 

ordered triples of real numbers; that is, 
xi + yj + zk => (x, y, Z). 

In general, we may define an n-dimensional vector as an ordered n-tuple of 
real numbers (a;i, @),...,Q,). Then the subject of n-dimensional vectors 
may be developed by considering the following definitions for equality, 
scalar multiplication, addition, and multiplication, and the properties of 
real numbers: 


(1) (di, də, . . . 5 An) = (Hy, bo, ... , b,) if, and only if, a; = b; for i= 1, 
ee 
(11) k(ai, də, ..., An) = (ka, kay, ..., ka,), for any real scalar k; 
(iii) (di, Qo, ..., Qn) + (bi, ba, .. . , bna) = (a; + bi, aa + Do... 
an + br); 


(iv) (ai, aa, . . - , An)(D,, Bo, ..., On) = a,b, + daba +... + andy. 


A study of vectors as ordered n-tuples of real numbers leads to a generaliza- 
tion of the concept of a vector space for n-dimensions. 


Exercises 


1. Consider quaternions as ordered quadruples of real numbers and find: 
(a) (2, 3, —1, 4) + (0, 2, 1, —2); (b) (3, 1, 2, 0)(2, 1, —1, 4); 
(c) 3(2, 1,0, —3). 
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2: 


If the conjugate of a quaternion x = a + bi + cj + dk is defined as 
x* = a — bi — cj — dk, then find the product of a quaternion and its 
conjugate; that is, xx*. 


. Find the multiplicative inverse of the nonzero quaternion a + bi + cj 


+ dk if unity 1s the identity element. (Hint: See Exercise 2.) 


. Show that the real numbers are embedded within the quaternions by 


considering both the sum and the product of two quaternions of the form 
x + Of + OF + Ok. 


. Show that the complex numbers are embedded within the quaternions 


by considering both the sum and the product of two quaternions of the 
form x + yi + 0j + Ok. 


. Verify that the product of quaternions is associative for 2+ i+j+ k, 


1—i-—j+k,and 1+ 2i+j— 2k. 


. Prove that the conjugate of the product of two quaternions is equal to 


the product of the conjugates of the two quaternions taken in the reverse 
order; that is, (xy)* = y*x*. (See Exercise 2.) 


chapter 3 


Planes and 


Lines in Space 


3-1 Direction Cosines and Numbers 


In this chapter we shall study many of the properties of planes and lines in 
space through the use of position vectors. 
, Given 2 nonzero position vector r=xi + y j + zk, then, since 
i-i = l, j-i = 0, and k-i = = 0, 

rei= (xi + yj + zk)-i =: 


However, by definition, we may express 





r-i =|r||ilcos(r, i); 
60S, I a (3-1) 
rece Fri 


In a similar manner it can be shown that 


cos(r, j) =; (3-2) 
r 


cos (F, k) a (3-3) 


|r| 
Note that in Figure 3-1 angle (r, 7) is the angle formed with the position 
vector r on its initial side and the unit vector i along the x-axis on its 
terminal side. Similar statements hold for the angles (r, F) and (r, k), 
where j and k are unit vectors along the y- and z-axes, respectively. The 
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angles (F, i), (r, i), and (r, k) are called direc- 
tion angles of r and of the line / through the 
origin and the point P: (x, y,z). The num- 
bers cos (r, i), COs (r, i), and cos (T, k) are 
called direction cosines of the vector r and of 
the line /. Notice that 


cos’ (F, i) + cos? (F, j) + cos’ (F, k) 
a ee 
|r|? 
Figure 3-1 that is, the sum of the squares of the direction 
cosines of any nonzero position vector r is equal 
to 1. Hence, the three direction cosines are not independent. If two of them 
are given, then the numerical value of the third may be determined from 
equation (3-4), Furthermore, if three angles are to be considered as direc- 
tion angles of a vector or of a line, the sum of the squares of their cosines 
must be equal to 1. 
In rectangular cartesian coordinate form the direction cosines of vector 
r are given by the ordered triple 





(—— aec a | (3-5) 
whose members are proportional to the components x, y, and z of vector r. 

Now, let r, = xi 4- yj + z,k and F, = xi + Yj + zk be any 
two nonzero position vectors. Let (/,:m,:n,) and (/,:m,:n,) be their respective 
direction cosines. Then the cosine of the angle between the two position 
vectors may be derived as follows: 


— 


os Fier XX Zz 
cos (F,, F») = PTa o Xə + Yy: + 122, 


[ril |r| [riire] 
cos j,i; yya, 
[ril [re | [ri] |F] Ira | [Pe | 
cos (ri, Fa) = Lla + mm, + nns. (3-6) 


From the first of the last three equations, we obtain in rectangular cartesian 
coordinate form 
oe X1X_ + GZ 
6.1) = ee. (3-7) 
N Xi + yi H ziv Xi + y +z 
Two nonzero position vectors are perpendicular if, and only if, the angle 


(r,, ry) has measure 90°. Since cos 90° = 0, the condition for perpendicularity 
may be expressed from (3-6) and (3-7) as either 


Ll, + mm, + nn, = 0 (3-8) 
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or 
X1X_ + Vi Yo + 2,2, = Q. (3-9) 

The components x, y, and z of r are sometimes called direction numbers 
of the position vector and may be written as (x: y:z). Any ordered set of 
three numbers, that can be obtained from these by multiplying all of them by 
the same positive constant k, is also a set of direction numbers for the 
vector r, in that they define the direction of the vector. Any ordered set of 
three numbers that can be obtained from (x: y:z) by multiplying all of 
them by the same nonzero constant k is a set of direction numbers for 
any line parallel to r. Note that a line is generally not oriented. 

Consider a line passing through P,: (x,, y,, Z,) and P.: (Xo, Yə, Za), with 
the length of the line segment P,P, equal to d. Then the position vector 
(x, — x,)i + (V: — yi + (z, — z,)k is equivalent to P,P.. The direction 
cosines of the position vector and P,P, are then given by the equations 








cosa = 2, cos 8 = 27A, cos y = 2—5, (3-10) 
where q, 8, and y are the angles the position vector makes with the positive 
x-, y-, and z-axes, respectively. The direction cosines of the line P, P, may be 
taken as those of any position vector parallel to it. Note that since a position 
vector equivalent to P,P, could have been determined, then there exist two 
sets of direction cosines for each line but only one set of direction cosines 
for any position vector parallel to the line. 


Example Find a set of direction cosines for the line through A: (3, —2, 4) 
and B: (5, —3, 2). 


The position vector equivalent to AB is (5 — 3)i + (—3 + 2)j 
+ (2 — 4)k; that is, 2i — j — 2k. Its direction cosines are equal to each 
of its components divided by the square root of the sum of the squares 
of its components. Since its components are 2, —1, and —2; 
V2? + (—1)? + (—2)? = 3; cosa=—2; cosB = —4; cosy = —%. 
The direction cosines of the line AB may be taken as (2: —4: —2). 
Since line AB is also parallel to BA with direction cosines (—2: 4: 2), 
this ordered triple represents another set of direction cosines of the line. 
One set of direction numbers for the line is (2: —1: —2). 

In general, any ordered set of scalars (2k: —k: —2k), where k 4 0, 
represents a set of direction numbers for line AB. 


Exercises 


In Exercises I through 4 use points A: (1, —5, 3) and B: (4, 7, —1). 


1. Find the direction cosines of AB. 
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10. 


11. 


12. 


13. 


14. 


15. 
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. Find the two sets of direction cosines for line AB. 
. Find the general form of the direction numbers of AB. 
. Find the general form of the direction numbers of line AB. 


. Given the following sets of angles, choose those which may be a set of 


direction angles: 


(a) (30°: 45°: 60°); (b) (120°: 135°: 60°); 
(c) (30°: 150°: 0°); (d) (0°: 0°: 90°). 
. Determine which of the following sets of values may be a set of direction 
cosines: 
(a) 3:4: —4); (b) (1: —3: +); 
(c) G: 4: 4); (d) (0: 1: 0); 


(e) (cos 0: sin 8: 0). 


. If two direction angles of a vector are 60° and 60°, find (a) a third 


direction angle of the vector; (b) a third direction angle of any line 
parallel to the vector. 


. Find the direction cosines of the unit vectors on the coordinate axes: 


a)i; (b)j; (ck. 


. If a line has a set of direction numbers (1: 0: —3), find a set of direction 


cosines of the line. 


Show that the direction cosines of a line in the xy-plane are a special 
case of the direction cosines of a line in space. 

Given the point (2, 1, —4) on a line with a set of direction numbers 
(3: —1: 1), find three other points on the line. 

If the direction cosines of two intersecting lines are (1/2: 2 /2: 1/2) and 
(—1/2:1/2: \/ 2 /2), find the angles between the two lines. 

If a set of direction numbers of two intersecting lines are (1: 1: 4) and 
(0: 1: —1), find the acute angle between the two lines. 

Show that the lines 4B and CD are parallel where A: (2, 3, 6), B: (4, 1, 2), 
C: (3,0, 1), and D: (2, 1, 3). 

Determine the cosine of the angle between the diagonal of a cube and one 
of its intersecting edges. 


3-2 Equation of a Plane 


There are several ways of determining a plane in space. For example, a 
plane may be described or specified by three given points on the plane which 
do not lie on a single straight line, or by a line and a point on the plane, 
providing the point does not lie on the line, or by other means. A convenient 
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way of describing a plane is by des- 
ignating a point through which it 
passes and a vector which is per- 
pendicular (normal) to the plane. To 
determine the vector equation of 
such a plane, let n be a vector nor- 
mal to the plane (Figure 3-2). 

Let P: (x, y, z) be a general point 
on the plane. Since P,P is perpendi- 
cular to n : 





P,P-n =O, (3-11) 
(OP — OP,)-n =0. (3-12) Figure 3-2 


Equations (3-11) and (3-12) repre- 
sent vector forms of the equation of the plane through Po: (Xo, Yo, Zo) with 
vector n normal to the plane. 

The general rectangular cartesian coordinate form of the equation of a 
plane can be obtained from the vector form (3-12). Let n =ai +b j+ ck. 
Then, since 


OP = xi + yj + zk and OP, = xi + yaj + Zok, 
OP — ÕP, = (x — xo)i + (Y — Yj + (Z — Zo)k, 


a(x — Xo) + D(y — Yo) + e(z — Zo) = Q, (3-13) 

and 
ax + by + cz + d = Q, (3-14) 
where d = —ax, — by, — cz,. This is the general rectangular cartesian 


coordinate form of the equation of a plane with arbitrary constants a, b,c, 
and d. Hereafter the expression coordinate form shall be used to mean rec- 
tangular cartesian coordinate form. 

Equation (3-13) is sometimes called the point-direction number form of the 
equation of a plane, since it involves the coordinates of a point on the plane 
and the direction numbers of a vector normal to the plane. 

It is important to remember that the coefficients a, b, and c of x, y, and z, 
respectively, in any equation of a plane, are the components of a vector 
normal to the plane. 

If abcd 4 0, the general equation may be written in the form 


e+ 4+ ZH, (3-15) 


where e = —d/a, f= —d/b, and g = —d/c. This equation is called the 
intercept form of the equation of a plane since e, f, and g are the x, y, and z 
intercepts, respectively, of the given plane. That is to say, the given plane 
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intersects the coordinate axes at points whose coordinates are (e, 0, 0), 
(0, f, 0), and (0, 0, g). 

Example 1 Find the equation of the plane through N: (—2, 1, 2) and per- 
pendicular to ON. 

Let P: (x, y, z) be a general point on the plane through N perpen- 
dicular to ON. Then ON and NP are perpendicular to each other and 
ON - NP = 0. Since 

ON = —2i + j +2k 


and 
NP = OP — ON = (xi + yj + zk) — (—2i + j + 2k) 
= (x + 2)i + (y — 1)j + (z — 2)k, 
ON- NP = —2(x + J+ 0 —1)+ Xz- 2 =0; 
that is, 


2x + y — 2z + 9 = 0. 


Example 2 Find the equation of a plane which passes through the point 
P: (4, 2, 1) and is parallel to the plane 2x + 3y — z + 5 = 0. 


A vector normal to one of two parallel planes is a vector normal to 
the other plane. Therefore, the components 2, 3, and — 1 of a vector 
normal to the given plane are also the components of a vector normal to 
the desired plane, and tħus are the coefficients of x, y, and z, respectively, 
of the plane to be determined. It remains to find d in the equation 


2x + 3y—z+d=0. 


Since P lies on the plane, the coordinates of P satisfy the equation of the 
plane; that is, 
2(4) + 3(2) — (1) + d= 0, and d= —13. 
Therefore, the equation of the desired plane is 
2x + 3y —z—13=0. 

A plane may also be determined 
if three distinct noncollinear points 
of the plane are known. Several 
vector forms of the equation of the 
plane may be found. One vector 
form depends upon the concept of 
a set of linearly dependent vectors 
(§1-5). 

Let A: (%;, V1, 21), B: (X25 Vos Zs) 
and C: (x3, y3, Z3) be three distinct 
noncollinear points. Consider P: 
Figure 3-3 (x,y,z) a general point on the plane 

ABC (Figure 3-3). Since AP lies on 
the plane determined by AB and AC, 
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AP = mAB + nAC (3-16) 


represents a vector form of the equation of the plane. Equation (3-16) may 
also be written as 


OP — OA = m(OB — OA) + n(OC — OA) (3-17) 
or 
OP = (1 —m—n)OA + mOB + nOC. (3-18) 
Now, 


OP=xityj+zk, OA=x,ity,j+2z,k, 
OB = xi + yj +zk, and OC = xi + yaj + zk. 

The corresponding components, after substituting in equation (3-18), must 
be equal: 

x= (l — m — n)x, + MX, + NX;, 

= (1 — m — n)y, + My: + Nnys, (3-19) 

z = (l — m — n)z, + mz, + nz. 
The equations of (3-19) are one set of parametric equations of a plane 
through A, B, and C with parameters m and n. Each point of the plane 
corresponds to an ordered pair of values (m, n) of the parameters. 


A second vector form of the equation of a plane through three distinct 
noncollinear points depends upon the concept of the scalar triple product. 


In Figure 3-3, AB x AC isa vector perpendicular to the plane determined by 
A, B, and C; AP lies on the plane. Hence 


AP-(AB x AC) =0. (3-20) 


Equation (3-20) is another vector form of the equation of the plane ABC. 
In terms of the rectangular cartesian coordinates of the points A, B, and C, 
equation (3-20) may be expressed in the form 


x —X, y-y, Z-z, 
Xo —X, Vo — Yy) Z — Z| = 0. (3-21) 
X3 — X, Y3 — Yı 23 — 2 
Example 3 Find a set of parametric equations of the plane through 
A: (3, —1, 2), B: (1, 4, 0), and C: (0, —2, 1). 
By equations (3-19) 
x=(1—m—n) (3)+m0)+ — nO), 
y=(U —m—nl—l) + mA) + n(—2), 
z=(l—m— n) 2)4+mO0)4+ av); 
that is, 
x= 3— 2m — 3n, 
y= —l + 5m— n, 


z= 2 — 2m— n. 
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Note that equations (3-19) were derived from equation (3-18). Therefore, 
letting m = n = O, the coordinates of A should be obtained; letting m = 1 
and n = 0, the coordinates of B should be obtained; letting m = Oandn = 1, 
the coordinates of C should be obtained. This procedure serves as a check 
for the validity of the set of parametric equations derived. 

Furthermore, note that a set of parametric equations of a plane is not 
unique. For example, a simple exchange of the roles of the points A and B or 
A and C in equation (3-16) yields a different set of parametric equations. 


Example 4 Find the coordinate form of the equation of the plane through the 
points A: (1, 2, 0), B: (3, —1, 2), and C: (2, 4, 3). 
Let P be any point of the plane determined -by A, B, and C. Then 
AB =2i —3j + 2k,AC =i +2j + 3k, AP=(x— 1)i + (y—2)j 
+ zk, and 
x—1 y—2 z 


AP.(AB x AC)=| 2 —3 2|=0. 
l 2 3 
Then 
—13(x — 1) — 4 — 2) + 7z = Q; 
that is, 
13x + 4y — 7z — 21 = 0. 
Exercises 


1. Find the equation of the plane through N: (3, —2, 1) and perpendicular 
to ON. 

2. Find the equation of the plane through N: (2, 1, —1) and perpendicular 
tor=i+j — 3k. 

3. Find the equation of the plane through N: (7, —4, 3) and perpendicular 
to line AB where A: (2, 0, —1) and B: (5, 6, 0). 

4. Determine the equation of the plane which passes through P: (1, 2, —2) 
and is parallel to the plane x + 4y — 2z = 0. 


5. Determine a set of parametric equations of the plane through A: (1, 2, 0), 
B: (—3, 2, 4), and C: (5, 1, —1). 


6. Find the general coordinate form of the equation of the plane in Exercise 
5. 


7. State the condition that must exist in each case between the coefficients 
of the equation of the plane ax + by + cz + d = Q0 in order that: 
(a) the plane may have intercept 2 on the y-axis; 
(b) the plane may have equal intercepts on the y- and z-axes; 
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(c) the plane may have equal intercepts on all three coordinates axes; 
(d) the plane may be parallel to the plane 2x — y + z — 7 = 0; 
(e) the plane may be perpendicular to the vector A 3j + 5k; 
(f) the plane may pass through the origin; 
(g) the plane may pass through the point (2, —1, 4); 
(h) the plane may be parallel to the y-axis; 
(i) the plane may be parallel to the yz-plane; 
(j) the plane may contain the z-axis. 

8. Show that the points A: (1, —1, 1), B: (2,0,0), C: (—1, 1,5), and 
D: (0, 0, 3) are coplanar. 

9. Determine the equation of the plane through A: (2, 1, 5), B: (3, —2, 4), 
and C: (1, —3, 3). 

10. Find a vector form of the equation of the plane through the origin 

parallel to the position vectors OA and OB. 


11. Find a vector form of the equation of the plane through the point C and 
parallel to the position vectors OA and OB. 


3-3 Equation of a Sphere 


A sphere is the locus of points in space which are equidistant from one 
fixed point, the center. Let S be a 
sphere of radius a with center at a 
point C: (Xə, Yo, Zo), as shown in 
Figure 3-4. If P: (x,y,z) is a gen- 
eral point on the sphere S, and OP 
is the position vector of this point 
while OC is the position vector of 
the center C, then 

IOP — OC| =a, (3-22) 
and Figure 3-4 
(OP — OC)-(OP — OC) = æ. (3-23) 
Equation (3-23) represents a vector form of the equation of sphere S. 

Since ÖP = xi + yj +zk and OC=x i + Vol + zk, then 
OP —O0C= (x — Xy)i + (y — Yj + (z — z,)k. Therefore, by Theorem 
2-7, equation (3-23) may be expressed in terms of rectangular cartesian 
coordinates as 





(x — Xo)? + (¥ — Yo)? + (Z — 2)? = a’. (3-24) 
Equation (3-24) is the coordinate form of the equation of a sphere with 
center at C: (Xo, Yos Zo) and radius equal to a. 
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Example 1 Find the equation of the sphere with center at C: (3, —1,2) and 
radius equal to 5. 


Let P: (x, y, z) be a general point on the sphere. Then the equation 
of the sphere in vector form Is given by equation (3-23), 


(OP — OC)-(OP — OC) = a’, 


where 
OP =xi +yj + zk, OC =3i — j + 2k, and a=5. 
Therefore, 
(x— 3 +04 1% 4+ @— 2) = 25, 
that 1s, 


x? + y? + z — 6x + 2y — 4z — 11 = 0, 
is the coordinate form of the equation of the sphere. 


Example 2 Find the equation of the sphere with center at the origin and 
radius equal to a. 


If P: (x, y, z) is a general point on the sphere, then a vector form of 
the equation of the sphere with center at the origin and radius equal to 
ais 

ÖP -ÖP = a’. 
In coordinate form this equation may be expressed as 
ee yz a 
The equation of the plane z which intersects a given sphere S at one, and 
only one, point P is said to be tangent to the sphere at the given point. To 
determine the equation of such a plane, let P: (x, y, z) be a general point on 


the plane z, let P,: (x,, y;, Z,) be the point of tangency, and let C: (Xo, Yo, Zo) 
be the center of the sphere S as shown in Figure 3-5. Then 


(OP — OP,)-(OC — OP,) = 0, (3-25) 


since the radius from C to P, will be 
perpendicular to every line in x 
through P,. Equation (3-25) is a 
vector form of the equation of the 





tangent plane x. Since OP = xi 
+ yj + zk, OP, =x,i + VJ 
+ z,k, and OC = xi + Yoj 
4 zk, then OP — OP, =(x—x,)i 
+ (y — yı)j + (z — 2,)k, and OC O 
— OP, = (Xo — x,)i + (Wo — YJ 
+ (Zo — Zı)k. Therefore the equa- 
tion Figure 3-5 


Py: (x,, Yy A 
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(x — xxo — xı) + (y — Wi) — Vi) + CZ — 21)(Zo — 21) =O (3-26) 
represents the coordinate form of the equation of the plane a tangent at 
(x,, ¥;, Z,) to the sphere with center at the point (xo, Vo, Zo). 


Example 3 Find the equation of the plane tangent at P,: (2,4, 1) to the 
sphere with center at C: (3, —1, 2). 


The tangent plane is expressed by equation (3-25) as 
(OP — OP,)-(OC — OP,) = 0, 


where 
OP = xi + yj + zk, OC = 3i — j + 2k, 
and 
OP, = 2i + 4j +k. 
Since 
OP — OP, = (x — 2)i + (y — 4)j + (z — 1)k, 
and 
OC- OP = i — sj +h, 
then 
(OP — OP,)-(OC — OP,) = (x — 2) — 50 — 4) + z — !). 

Therefore, 


x— 5y+z+17=0 
is the equation of the plane tangent at P,: (2, 4, 1) to the sphere with 
center at C: (3, —1, 2). 


Example 4 Find the equation of the tangent plane to the sphere with center 
at the origin and radius equal to a. 


Let P,: (x,, ¥,,Z,) be any point on the sphere with center at the origin 
and radius equal to a. Using equation (3-26), where C: (Xo, Yos Zo) 1s the 
origin, 

(x — x (— x) + (y — yi) + (2 — 21)(—2,) = 9, 
eS MY Zig = 4 i ea 
and 
xx+tyytz4z=a’. (3-27) 
Equation (3-27) represents the coordinate form of the equation of the 


tangent plane to the sphere with center at the origin, radius equal to a, 
and tangent point at P: (Xi, Yi, Zi). 


Exercises 


1. Find the equation of the sphere with center at C: (1, —2, 4) and radius 
equal to 3. 
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. Find the equation of the sphere with center at C: (0, 0, a) and radius equal 
to a. 


. Find the equation of the plane tangent at P,: (2, 6, 5) to the sphere with 
center at C: (1, 5, 3). 

. Find the center and radius of the sphere whose equation is x? + y? + 2’ 
— 6x + 6y — 2z + 3 = Q. 

. Determine the equation of the plane tangent at P: (2,3,0) to the sphere 
xX? + y? + z ++ 4x — 6y =3. 

. Determine the equation of the sphere with diameter AB where A: (—4,5,0) 
and B: (4, 1, 8). 

. If the line segment joining A: (—2, —1, 2) and B: (2,1,2) subtends a 
right angle at P: (x, y,z) when P does not coincide with A or B, find a 
relation among the coordinates of P. 


. If the coordinates of the mid-point of line segment OP satisfy the equation 
x? + y? + z? = 8, determine the value of k such that the coordinates of 
P satisfy the equation x? + y? + z? = k. 

. Determine the equation of the plane tangent at (1,0,0) to the sphere 
xt y+ 27 = 1, 


3-4 Angle Between Two Planes 


When two planes intersect, two pairs of supplementary dihedral angles 
are formed. The measures of these dihedral angles are the same as the 
measures of the corresponding angles formed by the intersection of vectors 
normal to the planes (Figure 3-6). 


To determine a formula for the angle between two intersecting planes let 
the equations of the planes be a,x + b,y 
+ez=-d, and a,x + by + cz = d,. 
The vectors n, = a,i + b,j + ck and 
n, = ai + b,j + cok are perpendicular 
to these two planes, respectively. The 
angle between these vectors may be found 
by using the relationship 


ni*n, = |n, | |n| cos (n, na). 
It follows that 


— + —— > 





cos (m,n,)= +—7"2_, (3-28) 
| n, | |7 | 
Figure 3-6 where the two algebraic signs are con- 


sidered in order to obtain the two sup- 


plementary angles. In terms of the components 
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ah. Ve aa, + bb, + CiC» 3-29 
Sum Tetitavatata O7 


Note that the planes are perpendicular if cos a. ; N») = Q; that is, if 


n,n, = 0. (3-30) 
In coordinate form, the planes are perpendicular if 
aa, + 6,6, + c,c, = 0. (3-31) 


The planes are parallel if the vectors normal to the planes are parallel. 
This condition may be expressed by the relationship 


QO -32 
for some scalar t. 
Example 1 Find the measures of the dihedral angles formed by the planes 
—x + 2y + 2z = l0 and x + y + 4z = 7. 
The vectors normal to the planes are n, = m 2j + 2k and 
n= i+ 7+ 4k. 
Then, 


cos (m, m) = + 
| 2, | | 7 | 


m (=I) + (2) + 24) 
JCF FO FO VOS F AFO 


e a han a, 
J 9 AJS18 ~/ 2 
Hence the measures of the dihedral angles formed by the planes are 
45° and 135°. 


Example 2 Show that the planes 2x — y + 2z = 3 and 2x + 2y —z=7 
are perpendicular. 


The vectors n, = 2i — j + 2k and n, = a 2j — k are normal 


to the planes. Since 7,-n, = (2)(2) + (—1\(2) + (2(—1) = 0, the 
planes are perpendicular. 


Exercises 


1. Find the measures of the dihedral angles formed by the planes 
2x — 4y —4z—5=O0andx+4y+2z2-—-3=0. 

2. Show that the planes x + 3y + z + 4 = 0 and 2x — y + z + 2 = Q are 
perpendicular. 


3. Show that the planes 3x — 2y + z + 7 = Oand 9x — 6y + 3z + 10 = 0 
are parallel. 
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4. Find the value of c for which 
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the planes 3x — 4y + cz =O and 


2x — 3y + 6z — 1 = O are perpendicular. 


5. Find the measure of the acute angle 
= 0 and 3x — 4y — 5z = 0. 


6. Determine the equation of the plane 


between the planes x + 2y + 2z — 1 


containing the points A: (1, —1, —2) 


and B: (4,2, 2), and which is perpendicular to the plane 3x + y — 2z 


= 12. 


3-5 Distance Between a Point and a Plane 


A formula for the shortest distance between a point and a line on a plane 


Py: (xy Yr 24) 





B: (Xor Yor Zo) 


Figure 3-7 


[ee |P Pien] 


= |x — xi + (y — Yj 


was determined in §2-3. In a similar 
manner, the shortest distance between 
a point and a plane in space may be 
determined. Let P,: (x, y,, Z,) be any 
point in space, and let Pa: (Xo, Yos Zo) 
be any point on the plane ax + by 
+ cz + d = Q0. The shortest distance 
r between the point and the plane is 
equal to the magnitude of the projec- 
tion of P,P, on n, a unit vector nor- 


mal to the plane as shown in Figure 
3-7. Therefore 


+ (2, — zo)k] T TLI ame 


= | A(x; — Xo) + bY: — Yo) + c(Z1 — 20) | 
Ja? + B? + ¢? 
a |ax, + by, + cz, — axy — byy — CZo | 
va +b +c? 
But, d = —ax, — by, — cz, since Py: (Xo, Vo, Zo) lies on the plane. Therefore, 
_ jax, + by, +z, + d| 3.33 
E+E TO mang 


Example 1 Find the shortest distance between the point P,: (1, —2, —4) and 


the plane 2x + 2y —z= 11. 
By equation (3-33), the distance 


ris given as 


, = 1O + X- + CDA + (10| 


Al is] 


3 
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An alternate approach is to consider the problem in vector form; 
that is, essentially, to derive equation (3-33) for this particular case. 


Choose any point on the plane, say P,: (3,2, —1). Then PP = —2i 
—4j — 3k. A unit vector normal to the plane is n= jars T 2j om 1k. 


Since r is equal to the magnitude of the projection of P,P, on n, then 
r= |P Pin] = (CDG) + C96) + (3—4 = 3; 
that is, 3 units. 
Example 2 Find a formula for the shortest distance between the origin and 
any plane ax + by + cz + d = Q. 
By equation (3-33) where P,: (x,, y,, Z;) 1s the origin, 
jd] 
Ja + b? + ¢? 


F == 


(3-34) 


If two planes 
ax+tby+ez+d, =), 
a,x + bay + caz + d = 0 
are parallel or coincide, then by §3-4 


i ae ee 

a b Cy l 
Therefore, by multiplying the equation of the second plane by ż, the variables 
x, y, and z in the equations of the two planes will contain identical coef- 


ficients. That is, the equations become 

axt+by+ez+d, = 0, 

ax + biy + ciz + d; = 0, 
where d, = td,, but is not necessarily equal to d, unless the planes coincide. 
To find the distance r between these planes, take any point P,: (xi, Y1, Z1) on 


the plane a,x + b,y + c,z + d, = 0. The distance r between the point P, 
and the plane ax + biy + cız + d,; = Ois given by the expression 


_ [ax + by, +2, +d; | 
vait bitci 
But ax, + biyi + ciz; = —d,, since the point P, lies on the plane 
aix + biy + cz + d, = 0. Therefore, 
—_lda-d| 
Equation (3-36) represents the formula for the distance between two parallel 
planes of the form in (3-35). 


(3-35) 


(3-36) 


Example 3 Find the distance between the planes 
6x — 3y + 6z +2=0 
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and 
2x— y+2z+4=0. 

The planes are parallel since 6/2 = —3/—1 = 6/2 = 3. Multiplying 
the terms on each side of the second equation by 3, the set of equations 
becomes 

6x — 3y + 6z+ 2=0 
and 
6x — 3y + 6z + 12 = 0. 


By equation (3-36), the distance r between the two parallel planes is given 
as 
|12 — 2| 


— l 1 ț 10/9; that is, 10/9 units. 
(6) + (—3) + (6) l 


Exercises 


1. Find the distance between P,: (0, —5, 2) and the plane x + 2y + z—4 
= 0. 

2. Find the distance between the origin and the plane x — 2y — 2z — 3 
=0; 

3. Determine d such that the distance between P,: (4, 0,1) and the plane 
2x + y— 2z+ d= 0is 3. 

4. Find the distance between P,: (0, 0,4) and the plane 2x + 2y — 3 = 0. 

5. Find the distance between the parallel planes 3x — 4y + 12z + 4 =Oand 
3x — 4y + ]2z — 22 = 0. 

6. Find the distance between the planes x + y — 2z = 2 and 3x + 3y — 62 
— 


7. If the coordinates of P satisfy the equation x + 2y + 3z — 4 = Q, then 
determine the value of d such that the coordinates of the mid-point of 
line segment OP satisfy the equation x + 2y + 3z + d = Q. 


8. Determine the value of d such that the plane 2x — 2y + z + d = 0 is 
tangent to the sphere x? + y? + z? — 2x — 4y + 2z — 10 = 0. 


9. Determine the equation of the sphere with center at C: (2,2, 1) which is 
tangent to the plane 3x + 4y + 12z = 0. 


3-6 Equation of a Line 


As in the case of the plane in space, there are several ways of specifying a line 
in space, such as giving two points on the line, or two planes through the line, 
or a point on the line and a set of direction numbers for the line, or by 
other means. It will be convenient to determine the form of an equation of 
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a straight line by designating a point through which it passes and a vector to 
which it is parallel. 

Let Pi: (xi, Yı, Zı) be the point through which the line / passes 
and r =ai + bj + ck be the vec- 


tor parallel to the line (Figure S 
3-8). Let P: (x,y,z) be a general 
point on line 1. Since OP — OP, is py p h z) P: (x, y, z) 
parallel to r, it follows that 
(OP — OP,) x r =0, (3-37) or a 


which is a vector form of the equa- 
tion of the straight line /. Another 
vector form of the equation of the Figure 3-8 
straight line is expressed by 


O 


OP — OP, = mr, (3-38) 
where m represents any real number. Since 
ÖP = xi + yj + zk, OP, = xi +y, j + z,k, 
and 
OP — OP, = (x — x)i + (y — yı)j + (z — z,)k, 
(x—x,)i +(y—y)s + (Z — 2,)k = mai + bj + ck). 
By equating components, since i, j, and k are linearly independent vectors, 
(x — x,) = ma, (y — yı) = mb, (z — zı) = mc; 
x = x, + ma, 
y = yı + mb, (3-39) 
z = Z, + mc. 
The equations of (3-39) represent a set of parametric equations of a line / 
with parameter m. Each point of the line corresponds to a value of the 
parameter. Note that (a: b: c) represents a set of direction numbers for the 
line, since a, b, and c are the components of a vector parallel to the line. 
After solving for m in each equation, it follows that 
X— Xi JZ- Ji Z2, i 
a = b c aa 
which represents the point-direction number form of the equation of a line 
through P,: (x,, y,, Z,) with direction numbers (a: b: c). 
The equations of (3-40) are also called the symmetric form of the equa- 
tion of a line or a set of symmetric equations of a line. Note that the sym- 
metric form of the equation of a line is not unique, since the coordinates 


of an infinite number of points on the line may be used as well as an infinite 
number of sets of direction numbers. 
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If either a, b, or c is zero, the symmetric form of the equation of a straight 
line can still be used, provided it is designated as a special convention that, 
whenever a denominator in the formula is zero, the formal ratio is deleted 
and the numerator is set equal to zero. For example, the equation 

eoe ee se : 
=> 7 (3-41) 
where b = 0 and c Æ 0, shall mean 
2 eh ee is Y— Yı _ Z-Z - 
x— x =0; 5 a (3-42) 

There exist several vector forms of the equation of a straight line. Another 
vector form depends upon the concept of a set of linearly dependent 
vectors. Let A: (xi, Yı, Zi) and B: (x5, yo, Z.) be two distinct points. Consider 
P: (x, y, z) a general point on the line / (Figure 3-9). Since P lies on the line 
determined by A and B, then by Theorem 1-9 


A: (x4, V4, Z4) P: (x, y, Z) B: (Xo, Yo, Zo) 
l 
O 
Figure 3-9 
OP = mÕA + (1 — m)ÖB (3-43) 


represents a vector form of the equation of the line. Now, OP = xi + yj 
+ zk, OA = xi + yıj + zk, and OB = xi + yaj + zk. Equating 
corresponding components after substituting in equation (3-43), 
x= mx, + (1 — m)x., 
y = my, + (1 — m)y», (3-44) 
z = mZ, + (1 — m)z. 
The equations of (3-44) are another form of a set of parametric equations of 
a line through A and B with parameter m. Each point of the line corre- 


sponds to a value of the parameter. Solving for m in each equation of (3-44), 
it follows that 
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es ee, (3-45) 
X; — Xo Yi — je Zi — Zo 


which represents the two-point form of the equation of a line through 
A: (Xi, Yı, Zi) and B: (Xə, Y2, Z2). Note that the two-point form of the equa- 
tion of a straight line on a plane is a special case of (3-45). 


Example 1 Determine a set of symmetric equations of the line through 
P,: (4, 1, 5) and parallel to r = 2i — 2j + 3k. 


The components of r provide a set of direction numbers for the line: 
(2: —2: 3). The equations of (3-40) where x, = 4, y, = 1, and z, = 5 
provide the symmetric equations of the line: 

x—4 .yol z—s5 


2 #—2 3 








Example 2 Determine a set of parametric equations of the line in Example 1. 


By the equations of (3-39), a set of parametric equations of the line is 


x= 4+ 2m, 
y= 1 — 2m, 
z = 5 + 3m. 


Example 3 Determine a vector form of the equation of the line through 
A: (2,3,4) and B: (—1,2, 1). Use the vector form to determine a set of 
symmetric equations of the line. Compare the results with those obtained by 
using the equations of (3-45). 


Let P: (x, y, z) be any point on the line through A and B. Then 
OP = mOA + (1 — m)OB. 
Since OP = xi + yj + zk, OA =2i + 37 + 4k, and OB=—i 
+27 +k, 
xi + yj + 2k =2mi + 3mj + 4mk — (1 —m)i +20 — m)j 
+ (1 — m)k 
= (3m — 1)i + (m + 2)j + 3m + Dk; 
that is, 
(x— 3m + Di + (y — m — Jj + (z — 3m — 1) = Ù, 


which represents a vector form of the equation of the line. 
Since i, j, and k are linearly independent vectors, 


x— 3m + l =0, 
y—m—2=), 
z—3m—1=0; 
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that is, 
xi l a 
ts = m, 
z— Í oy 
3 . 
Hence, 


X¥+1 y—2 z—li 
a 
is a set of symmetric equations of the line through A and B. 
By the equations of (3-45) with (x,, y,, Z,) = (2, 3, 4) and (X3, Yə, Za) 
m (—1, 2; I), 
x—(-1l) y-—2 2z-l, 
2—(-—l) 3—2 4-1’ 





that is, 
MOE Ve oal 
3 1 BB 
which agrees with the results obtained using the vector form of the 
equation of the line. 


Example 4 Determine a set of symmetric equations of the line through the 
origin and P: (xi, Yi, Z;). 


Let (x, Yə, Z2) = (0, 0, 0) in the equations of (3-45). Then 


BO A 
X VW YZ 

represents a set of symmetric equations of the line through the origin and 

Py: (X15 Vis 21). 

Since an equation such as ax + by + cz + d = Orepresents a plane, two 
such equations considered simultaneously represent two planes which will 
intersect in a straight line, if they are not parallel. The condition that the two 
planes be parallel is that the coefficients of x, y, z in their equations be 
proportional. Therefore, except when a,/a, = b,/b, = c,/c., the set of two 
equations 

| ax+b,y+ez+d,=0, (3-46) 
dx + bay + cz + d, = O, 


taken simultaneously represents a line, and is called the general form of the 
equation of a line. 

Many pairs of planes may be passed through the same line. Therefore, 
a line may be represented by any one of infinitely many pairs of planes 
through the line. 
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To determine a set of symmetric equations of a line by means of a pair 
of equations for the planes, first locate the coordinates of two of the piercing 
points; that is, the points of intersection of the line with two of the following 
three planes: xy-plane, xz-plane, or yz-plane. This can be done by letting x, y, 
or z be zero and solving the resulting two equations simultaneously. 

A set of symmetric equations of the line may then be determined by 
using (3-45). 

Example 5 Find a set of symmetric equations of the line determined by the 
equations 
3x —yt z=8, 
2x +y + 4z = 2. 


If z = 0, then the two equations 


3x — y= 8, 
2x+y=2, 
when solved simultaneously, determine the piercing point A: (2, —2, 0) 
of the xy-plane. If x = 0, then the two equations 
= F Z = 8, 
y+ 4z =2, 
when solved simultaneously, determine the piercing point B: (0, —6, 2) 
of the yz-plane. Now BA = 2i + 4j — 2k. Therefore (2: 4: —2)is a set 
of direction numbers for the line BA. Hence a set of symmetric equations 
of line BA is 


x—2 y+2 


=e ae 
2 4 -X 
Example 6 Determine a set of direction numbers for the line determined by 
the planes 
moiti =; 
dX + boy + CZ + d, = 0. 
The line determined by the two planes is perpendicular to the vectors 


normal to the planes; that is, ai + b,j + c,k and ai + b,j + ck. A 
position vector parallel to the line is given by Theorem 2-15 in the expres- 


sion 
i j Kk 
a, b, c |;that is, 
do b, Co 
b, Ci 2 Cı dı = a, b, as 
I j+ k. 
Ds. c, Cy á, a, b, 




















94 


Planes and Lines in Space chap. 3 


The components of this vector comprise a set of direction numbers for 
the line. Hence, 


is a set of direction numbers for the line determined by the planes 
fe ete cand = (0); 
a,x + bay + cz + d, = Q. 


bi c 


b, Co 


|a Gry | b, 




















Co adə do b, 


Exercises 


. Determine a set of parametric equations of the line through P,: (4, 5, 2) 


and parallel to r=2i — 3j +k. 


2. Determine a set of symmetric equations of the line in Exercise 1. 


3. Use the concept of linear dependence of vectors to determine a set of 


symmetric equations of the line through A: (1, 2,0) and B: (4, 3, —2). 


. Determine a set of parametric equations of the line through the origin 


and P,: (3, 5, —1). 


5. Determine a set of symmetric equations of the line in Exercise 4. 


6. Given the line x = 2+ 4m, y = 2, and z = 3 — 3m, find (a) a set of 


10. 


11. 


12. 


direction numbers; (b) a set of direction cosines; (c) three points on the 
line. 


. Find a set of parametric equations of the line through A: (4, 1,3) and 


B: (1, 1, 2). 


. Find a set of symmetric equations of the line through A: (1, 1, —5) and 


having a set of direction numbers (4: 2: 3). 


. Find a set of symmetric equations of the line through A: (3, —1, 4) and 


parallel to the line 
x+1 aw Da. 


3 5 2 


Find a set of parametric equations of the line through 4: (5,1,2) and 
perpendicular to the plane 4x + 2y + 5z — 18 = Q. 








Determine a set of direction cosines of the line 


es 





Determine ¢ if the line 








is parallel to the plane 2x + 3y —tz+7=0. 
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13. Determine a set of direction cosines of the line common to the planes 
2x —y+2z2+3=O0and5x+y—2+4=0. 


14. Find a set of symmetric equations of the line determined by the planes 
x—y+z=8and2x+ y—z=1. 


15. Determine the coordinates of the point of intersection of the line through 
A: (—2, 3, 7) and B: (6, —1, 2), and the xy-plane. 


16. Determine the coordinates of the point of intersection of the line through 
A: (1, 1, 1) and B: (3, 2, 1), and the plane x — 3y = 0. 
17. Show that a vector parallel to the line determined by 3x — y—5=0 


and 4x — z — 9 = Q is perpendicular to a vector parallel to the line 
determined by y + z = 0 and x — y — 1 = Q. 


18. Show that the line determined by 5x + y — 3z + 1 = 0 and 3x — 6y 
— 4z + 15 = 0 is parallel to the line determined by x — y — z = 0 and 
7x + 2y — 4z—3=0. 

19. Find the equation of the plane which passes through the points 
A: (3, 2, —1) and B: (2, 5, 0), and is parallel to the line 

ele ae ee ee 
3 





2° =I 
20. Find the equation of the plane passing through the two parallel lines 


xX — Xo V— Jo _. 2 — %0 and 
cos a cos 8 COS “y cosa cos 8 COS “y 


X—%X, YV—y, __ 27 2 


es ie CF 














3-7 Skew Lines 


Two nonintersecting, nonparallel lines in space are called skew lines. Con- 
sider the equations of two skew lines 


BP 8 SD nF Zo, 


COS Œo Cosa cosy 








(3-47) 
LE a se 
cos a, cos; cosy, 











where (cos a@;: cos §;: cos y,) for i = 0, 1 represent sets of direction cosines 
for the lines. The angle 6 between the skew lines of (3-47) will be defined as 
the angle between two vectors 


Vo = COS Qai + cos Baj + cos yok, 


E N E (3-48) 
vı = cos æ i + cos 8, j + cos yk, 
with associated directions. Therefore, 
cos 0 = +o" (3-49) 


= BEN 9 
lol |v, | 
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that is, 
cos 6 = +(cos a, cos a, + cos S, cos 8, + cos y, cos y). (3-50) 


Note that since sin? 6 = 1 — cos? 6, we may write the sine of the angle 
between two skew lines in the useful form 
sin? 6 = (cos? a, + cos’? 8, + cos? y,)(cos? a, + cos? 8, + cos? y) 
— (cOS @, cos a, + cos B, cos B, + cos y, cos y)’; 
that is, 
sin? 0 = (cos f, cos y, — cos B, cos yo)? 
+ (COS yp COS A, — COS y; COS Qo)” (3-51) 
+ (cos & cos 8, — cos a, cos f,)’. 


Making use of determinants, 


cos Bo cos yo? 


sin? 6 = 








cosf, cosy, 


2 2 


COSY, COSA, cosa, cos Bf, 














cosa, cosf, 
(3-52) 


In order to determine the dis- 
tance d between the two skew lines 
of (3-47), that is, the length of the 
common perpendicular, note that d 
in Figure 3-10 is equal to the mag- 


COS y; COS Q; 





nitude of projection of P,P, on a 
vector r whose direction is that of 


Figure 3-10 the line D,D,. Now, 
r =V, X V; (3-53) 
that is, 
+ _ |¢0s Bo COSyo|» | |COS% COS@o|+ | cosa, cos Go|; (3-54) 
cos 8, cosy, cosy, cosa, cosa, cosf,| — 




















and P,P, = (x, — AT + (yı, — Yj + (zi — z )k. The distance d is given 
by the expression 


P,P,-r 
d = | 2 7 | (3-55) 
|r| 
Hence, 
COS By COS ¥o COS Yo COS œo COS @ COS By 
ee = 9 25 
ost : 0) cos B, cos 7; + i = Yo) COS y; COS a, + G1 — 20) COS @, COS B, 




















2 2 2 


COS By COS Yo 
cos 8; Cosy, 


COS Yo COS Œo 
COS ¥; COS @, 


COS @ COS By 
COS Œœ; COS A, 




















(3-56) 
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where the + sign is chosen so that d > 0. By (3-52), 


Xı — Xo Yı — Yo 21 — Zo 


COS Œo cos, cosy l (3-57) 





cosa, cos, cosy, 
If the skew lines are given in the form 


X— Xo _ J- Jo 27 40, 

ho è m n 

0 0 0 (3-58) 
ME a) A E i 


l m, N, 


where (l: m;: n;i) for i = 0, 1 are sets of direction numbers, then it can be 
shown that 


Xı — Xo Yı — Yo 41 — Zo 








l Mo No 
t= rt (3-59) 
o Mo 0 
H n, hy l l M, 




















It immediately follows that a necessary and sufficient condition for two 
lines of the form (3-58) to be concurrent and distinct is 


Xi — Xo Yı — Yo 21 — Zo 
l Mo No = QO, (3-60) 
l mM, n, 
provided /,, m,, n, are not identical multiples of /,, m,, nı, respectively. 

In order to find the equation of the common perpendicular it will be 
convenient to determine the equations of two planes containing the line 
D,D, of Figure 3-10. A vector form of the equation of one plane with general 
point P: (x, y, Z) is expressed by 

P,P- X r =O. (3-61) 
Similarly, a vector form of the equation of a second plane containing the 
line D,D, is expressed by 
P,P-v, Xr =0. (3-62) 
The line D,D, is defined by equations (3-61) and (3-62) taken simultaneously. 
These equations may be written in the determinant forms 
X — Xo Y — Yo Z — Zo 
l, My No = (0. (3-63) 


Mn, — MN, Nl, —nl Lm, — I,m 


98 Planes and Lines in Space chap. 3 


and 
x — Xi Y— Si Z — Zi 
l, m, n, — 0, (3-64) 
Mon, Ta M No Nol, Ten nil, lm, > lm, 


Example 1 Determine the shortest distance between the skew lines L, and 





x—l y z+1 
(Lo) 3 l ? 




















2 
D P,: (1, 0, -1) X Joa, 
a i w 3 4 2 
In Figure 3-11 we associate with 
> the line D,D, a vector r, where 
zs 3 bis Lf Die 
= i j 
4 2 2 3 
A: (0,3, 1) L, | 3 1p 
3 4|? 
Figure 3-11 S k 
In addition, P,P, = —iïi +3j 


+ 2k. The distance d is given by the magnitude of the projection of P,P, 
on r. Hence, 
_ [PPr | 
|r | 
— (~)2) + Gl) + C-D| 
gree Cal) (ee): 
: 6 : l % © units. 


d 


> that is, 








Example 2 Determine the equation of the line D,D, in Example 1. 
Associate with lines L, and L, two vectors v, and v,, where 
v= 27 +37 +k, 
v, = 3i + 4j + 2k. 
Then the equation of two distinct planes containing line D,D, is given 
by the equations 
P,P -v xX r= 0, 
and 
P,P-v, x r =0, 
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where P represents the general point (x, y, z) in each plane. The equations 
of these planes in terms of the coordinates of P, and P, and the direction 
numbers of lines L, and L, may be expressed by 


x—l y z+l1 


2 3 [ = ©. 
2 —I —] 
and 
x y—3 z—]1 
3 4 2. | =0: 
2 —l] —] 
that is, 
x— 2y + 4z +3=0, 
and 


2x — 7y + lllz + 10 = 0. 


Taken simultaneously, the equations of the two planes represent the 
equation of the common perpendicular to the skew lines L, and L,. 


Exercises 


. Find the acute angle between the given lines: 











a Vo eS MeO: Ve 2... 
se (Co 30 eS? 

X= 1. vel 2 LS Va. 22 
(b) —- = =7 and ete = 


- Determine the distance between the skew lines x = 2 + 2m, y = l +m, 
z = 2, and x = 6 — 4m, y = —2 — m, z = l + 3m. 
. Find the common perpendicular of the lines in Exercise 2. 


. Find the distance between any diagonal of a cube of side s and an edge 
skew to it. 

. Show that the lines x = —2+m, y=4—m, z= —2+2m and 
x = l + 2m, y = 3, z= 3 + 3m are concurrent. Determine the equation 
of the plane defined by the lines. 


. Determine the general equation of the plane containing the line 


xX — Xo _ VT Vo _ 4 Zo 


m n 


and perpendicular to the plane ax + by + cz + d = Q. 
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3-8 Distance Between a Point and a Line 


Consider a line L whose equation is of the form 


BO a de AO, 
cos a cos 8 COS y 











where (cos a: cos 8: cos y) repre- 
sents a set of direction cosines for 


Py (xy, ys z) the line, and a point P,: (x,, y;, Z,) 
not on L (Figure 3-12). Now, the 
distance d between the point P, 
d and the line L is given by the 

equation 
L) dej d = |P,P,|sin 0, (3-65) 

P: (xor Yo Zo) and 

Figure 3-12 d? = | P,P, |? sin? 6, (3-66) 


where @ is the angle between the 
line L and the line P,P,. A unit vector parallel to the line P,P, is given by 


Hy Xef 4 WMG 4 AXA 
Por] P Fi] Faves 
while a unit vector parallel to the line L is given by 
cos ai + cos Bj + cos yk. 


Hence, by equation (3-52), 


Piee aeaa Zh A aN Xi — Xo Yiı— yol 
aga PP] PPI] [BP] BPI] | 1P] PP: 
cos 8 COS y COS y COS Q! cos a cos 8 

(3-67) 


Therefore, since d? = | P,P, |? sin? 0, the distance d between the given point 
P, and the given line L is expressed by the relationship 


2 2 
>  |¥1 Yo 41 — Zo Zi — Zo X; — Xo 


cosB cosy 


X; ~ Xo Vi — Vo a 
COS Q cos 8 
(3-68) 


d 














COS “y cos a 


Example 1 Find the distance between P, : (2, 3, 1) and the line 


MN Ve ee 
1 #2 —2 
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By equation (3-68), where (xı, Vi5 Z) = (2, 3, 1), (Xo, Yo, Zo) = 
(1, —2, 2), and (cos æ: cos 8: cos y) = (4: 3: —2), 




















J2 5 Ż —l: —] 1f L Sp 
— 2 ise + a2 1 T 1 2 
3 3 3 3 3 3 
Herat sey. 
Therefore, 
d= LE, that is, > units. 


Example 2 Find a formula for the distance between the origin and any line 


X — Xo Y — Yo 2—2, 


cos a cosB cosy 











where (cos æ: cos 8: cos y) represents a set of direction cosines for the line. 
By equation (3-68), where (x,, y,, Z,) = (0, 0, 0), it follows that 




































2 = Yo: = Say: NG =y =p P 
cosB cosy cosy cosa cosa cospP 
Hence, 
d — Z l Zo Xo F Xo Yo | (3-69) 
cosa cosf 

















cosB cosy cosy cosa 


represents the formula for the distance between the origin and the given 
line. 


Exercises 


1. Find the distance between P,: (2, 5, —1) and the line through P,: (4, 5, 3) 
with direction numbers (3: —6: —2). 

2. Find the distance between P,: (2, —3,—1) and the line through 
P,: (3, —5, —2) which makes equal angles with the positive halves of the 
axes. 


3. Find the distance between the vertex of a cube of side s and a diagonal of 
the cube which does not contain that vertex. 
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Answers for 


Odd-Numbered Exercises 


CHAPTER 1—ELEMENTARY OPERATIONS 
1-1 Scalars and Vectors 


1. Scalar quantity. 3. Scalar quantity. 
5. Vector quantity. 


1-2 Equality of Vectors 


1. Not equal. 3. Equal. 


à Not 7 7. f 5 y 


tbe 
— 


1-3 Vector Addition and Subtraction 


>p 
Qh 


1. (a) AD; (b) 0. 3. 


9f 


5. (a +b) +c =a + (b+c) (Theorem 1-2) 
= q + (c + b) (Theorem 1-1) 
= =(a + c) +5 (Theorem 1-2) 
= (c + a) +b. (Theorem 1-1) 
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7. AB= DC ; that is, two opposite sides of the quadrilateral are equal and 
parallel. Hence ABCD is a parallelogram. 

9. (a) a,b,c,at+batc,bt+catbte. 
(b)at+(b+c)+(atb+cec)=b+cH+(at+b)+(a+c). 


There are also other correct answers. 


1-4 Multiplication of a Vector by a Scalar 


1. (a) 3AB; (b) 2BA. 3. 
5. Let ¢ and d represent the adjacent 
sides of the parallelogram. / Assume 
jaļ> |b]. Then a = c +d and b 
=c—d. Therefore, 2c = a+b 
and c =4(a + b); 2d =a — b 
and d = (a — b). Construct a par- 
allelogram with sides c and d. 

7. Let ABCD be any trapezoid with bases AB and DC; that is, AB is parallel 
to DC. Let E and F be the mid-points of sides AD and BC, respectively ; 
that is, line segment EF is the median of the trapezoid. Then, 

EF = EA + AB + BF D C 

= 4DA + AB + 4BC 

— 4AB + 4(DA + AB + BC) E F 

= 4ÅB + 4DC 

= 1(AB + DC). A B 
Since AB is parallel to DC, then EF is parallel to both AB and DC. 
Furthermore, | EF | = 4 AB + DC| =| AB| +4 DC |. Therefore line 
segment EF is parallel to the bases and equal to one-half their sum. 

9. Let M,N, R, and S divide sides AB, 


BC, CD, and DA of a parallelogram D R C 
in the same ratio k to 1 — k. Then 


To +b = -(a - b) 





ENR S ae: =a S 

MN = MB + BN = (1 — kW AB + 

kBĊ and SR = SD + DR = kĀD N 
+ (1 — kK) DC = kBC + (1 — k) 4a Š 


AB. Therefore MN = SR; that is, 
two opposite sides of the quadrilateral MNRS are equal and parallel. 
Hence MNRS' 1s a parallelogram. 
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1-5 Linear Dependence of Vectors 


O ~ WT m 


11. 


13. 


15. 


. (a) OA; (b) —10C; (c) OA. 3. (a) —20A: (b) OC: (c) —20A. 
. (a) —OA — OB; (b) —OB +. 40C; (c) 50A — 20D. 
. (a) —OA + OB; (b) OB + 40C; (c) —70A + 20D. 
: OM =10A4 + 40B. By Theorem 1-9, M is the mid-point of line 


segment AB. 
AD = AB + 2BC = AB + 3(AC — AB) = 24B + 24C; 
3/5 + 2/5 = 1. Then D, B, and C are collinear by Theorem 1-9. 


Any two nonzero, nonparallel vectors of the form ma + nb may be used; 
for example, a — b and a + b. 


Let b be a linear function of a, do, eta dp. Assume that 
b = m,a, + M,a, + +- +Mnān = kya, + hyd, + +++ + knän. 
Then 
(m, — kija, + (m, — kJa, +- - -+ (Ma — kn)an = Ù. 
Since d, A», ss dy are linearly independent vectors, then m, — k, 


= M, — k, = ... = M, — kr = 0 and m; = k; for i= 1,2,... n 
Hence the two representations of b are identical. 


1-6 Applications of Linear Dependence 


1. 


Let ABCD be any parallelogram. Let M be a point which divides sides 
BC in the ratio 1 to n and P be the point of intersection of line segment 
AM and diagonal BD. Then, by Theorem 1-9, 





AC 
;4B 
T T n+1 j ğ 
H + 7 (4D+ AB) NN 7 
_ l M 
— AB + AP. LY 
and 8 
AP = kAM = kAB + —* AD. 
n+] 


Since B, P, and D are collinear, k+ {k/(n+1))}=1, and k 
=(n+1)/(n+2). Hence AP={(n+ 1)/(n+ 2)}AB+ {1/(n + 2)}AD; that 
is, P divides diagonal BD in the ratio 1 to n+ 1. If we let M be a point 
which divides side CB in the ratio 1 to n, then, in a similar manner, it 
follows that P divides diagonal BD in the ratio n to n + 1. 
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3. Let ABC be any triangle with centroid at P and M the mid-point of side 
BC. Let O be any reference point in space. Then, by Theorem 1-9, 
OP =10A+20M 
= 40A + 240B + 400) 
= 1(0A + ÒB + OC). 
5. Let ABCD be any quadrilateral with M, N, R, and S mid-points of sides 
AB, BC, CD, and DA, respectively. Let O be any reference point. Then 
ÖM = 40A + 40B; ON = 40B + 40C; OR = 40C + 40D; and 


MN = ON — OM = 4(0C — OA) = 1AC: 

SR = OR— OS = 14(0C — OA) = 1AC. 
Hence MN = SR; that is, MN is parallel to SR and | MN | = | SR]. Since 
two opposite sides, MN and SR, of the quadrilateral MNRS are equal 


and parallel, the quadrilateral is a parallelogram. 


7. Let ABCD be any tetrahedron. Let M, N, R, 
and S be the mid-points of edges AB, CD, 
BD, and AC, respectively. Let P and P’ be the 
mid-points of line segments MN and RS, re- 
spectively. If O is any reference point, then 


OP = i0M +i0N 
= 440A + 40B) + 440C + 40D) 


OP' = 10R+140S 
= 1(40B + 40D) + 440A +400) 


Since OP = OP’, the points P and P’ coin- 
cide; that is, the line segments bisect each 
other. 





9. Let ABCDE be any regular pentagon 


with center at O. Let F., ros ee Ts 
be vectors drawn from the center to 
vertices A, B,..., E, respectively. Let 


—_—. —- 


hs Ooi 5 bs ds be vectors drawn from 
the center to the mid-points of sides 
CD, DE,..., BC, respectively. Then, 


A, = 4r; + ols, 
d, = ol, + 3!s, 
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as = 4r, + $Pz. 


Therefore, a, +a, + --- +a; =r +r, +: +r, Now, a, = mr, 
a, = mr,,..., A; = mrs. Hence, mri +r; +- +r) =r, +r, 


foes) +75, (m — 1), Hra +- +r) = 0. Since m + 1, then 
Titr +e +r =D. 
11. Associate vectors b and c with sides AC and AB, respectively. Let line 


AP be determined by the external bisector of angle A, where P lies on 
line BC. Now, 


aP = (5 E) =le), 
[bl [el |b]]e | 
where k is such that the sum of 


the coefficients of b and c is one. 
Then 





k= |b | he | 
lc] —|5| 
and 
7 ee 
pCO CO) 05 
Hence, 
Lc | 
|BP|_ |c|—|b| _|lel_ |AB| 
| PC | |b | |d| [4C] 
hel 10) 
13. Let ABC be any triangle with equal sides CA and C 


CB. Let M be the mid-point of side AB. Then, 
CM = 40B + 4CA. Since 
| CB| = ICA], then 


om =r fE EE). 
|\CB| |CA| a a 


Hence, the line segment CM lies along the bisector of angle C. 


1-7 Position Vectors 

1. (a) 27 +27 +k:(b) 3; 27 +327 +: 4k. 
3. (a) 37; (b) 3; (ec) i. 

5. yz-plane. 
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7. A plane parallel to and three units from the yz-plane along the positive 


x-axis. 
9. A unit sphere with center at the origin. 
11. (a) |z|; b) vy? + z’. 
13. M, N, and P are not collinear. 
15. (a) (Œ, 4, +2); (b) (5, 3, 11); (c) (13, 19, —13). 


CHAPTER 2— PRODUCTS OF VECTORS 


2- 


jà 


The Scalar Product 


1. 3; 2i + 2j + 4k. 
13 
3, 


5. (a) Since |cos (raro) |1, Irra) iral rol: (b) either rı = 0, T2 = 0, or 
COs (rire) = 1, that is, Ty has the same direction as ro: (c) either rı = O, 
ro = 0, or cos (73, ro) = —1, that, is, rı has an opposite direction to F2. 

7. 3 

3 


9. By Theorem 2-4, / ABC is a right angle since BA - BC = 0; | BA | = | BC |; 


hence, AABC is a right isosceles triangle. 


11. By Theorem 2-2, asa = |a |. If a-a = 0, then |a| = 0. If|a|=0, then 


Ga=]O? =, 


13. > 3, me 2 r. ABAC [va 


AB == 2-2 AC = Si ek ae 


2-2 Applications of the Scalar Product 


1. Let ABCD be a rhombus. Let a and b be associated with the adjacent 
sides AB and BC, respectively. Then a+ b and a — b are vectors 


associated with the diagonals. By Theorems 2-5, 2-1, and 2-2, 


(a + b): (a — b) = (a + b)-a — (a + b)-b 


=a-atb-a—a-b—b 
=4:a—b-b 
=laf— df 





=Q; (since |a| = |B) 


Since |a + b| #0 and |a — b| +0, then by Theorem 2-4 (a + 5) 


ihe (a — b): that is, the diagonals of a rhombus are perpendicular. 
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3. Let ABC be any right triangle with right angle at C. If M is the mid-point 
of the hypotenuse AB, then CM = 1(CA + CB), and 
CM -CM = 4(CA + CB)-4(CA + CB) 
— 1(CA-CA + CB-CA + CA-CB + CB-CB) 
= 1(CA-CA + CB-CB) i 
(since CB-CA = CA-CB = 0) 
= 4 CAP + | CBP’) 
= 1|AB/’. A C 
(by the Pythagorean Theorem) 
Hence, | CM P= 1 AB} and | CM | = 4| AB); that is, the median to the 
hypotenuse is equal to one-half the hypotenuse. 


5. Let ABCD be any quadrilateral with M, N, R, and S mid-points of sides 
AB, BC, CD, and DA, respectively. Since 


MR = MB + BC+ CR D 
= 4AB + BC + 4CD R 
and C 
SN = SA + AB + BN S 
= 4 DÀ + AB + 4 BC, N 
then 
2MR = AB + 25C + CD A M i 
= (AB + BC) + (BC + CD) 
= AC + BD 
and 
25N = DA + 2AB + BC 
= (DA + AB) + (AB + BC) 
= DB+ AC 
= AC — BD. 
Now, 
4| MR|? = 2MR-2MR = (AC + BD)-(AC + BD) 
= | AC + | BD} + 2AC-BD 
and 
4| SN! = 25N -2SN = (4C — BD). (4C — BD) 
; = | AC} + | BD} — 24C- BD. 
Hence, 


4| MR? + 4| SN} = 2| 4C} + 2| BD}; 
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that is, 
X MRP + | SN) =| ACP + | BDF. 
7. Let a and b be unit position vectors on 
a cartesian coordinate plane forming 
angles 6 and —4d, respectively, with the 
positive half of the x-axis. Then 
a = cos ĝi + sin 6j and b = cos (— )i 
+ sin (— $)j = cos pi — sin $j. By 
Definition 2-1, a-b = |a| |b| cos (a, b) 
= |a||b| cos [-@ + $)] = la] ]b] 
cos (9 + ¢) =cos(6+ ¢). By the prop- 
erties of the scalar product of the unit 
position vectors, 





a-b = cos 6 cos ¢ — sin @ sin ¢. 
Hence cos (6 + ¢) = cos 6 cos ¢ — sin @ sin ġ. 
9. Let ABC be any triangle. Then C 


nane aN“ 
AB-AC = AB-(AB + BC) A B 


= AB-AB + AB-BC; 
| AB|| AC |cos A = |AB| | AB| + | AB|| BC | cos (180° — B) 


| AC | cos A = | AB| — | BC | cos B. 
Hence 
|AB| = | AC | cos A + | BC | cos B. 


2-3 Circles and Lines on a Coordinate Plane 


1. x? +y? —2x+ 6y—6=0. 3. 2 units. 
5, y = mb. T. T 

9. Le]. 

a? + b’ 


2-4 Translation and Rotation 


1. (2, 5). 3. (—5, 3). 
5. x’ = x cos 0 + y sin 9; 7. (3 3 L). 
y = —x sin + y cos 6. 2- 2 
9. (2/7, 0). 11. x? — 2y = 0. 


13. 2x + 5=0. 15. x? + 4y” — 4 = 0. 
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17. a; 19. 6 = 45°. 
2 2 
21. B'=0 if B(cos? 6 — sin? 6) — 2(A — C) sin ô cos 0 = 0; B cos 26 
— (A — C) sin 20 = 0; B cos 26 = (A — C) sin 26; tan 26 = B/(A — C); 
0 = arctan B/(A — C). 


2-5 Orthogonal Bases 




















1. —1 and —2. 
3. 4 Vi + Mik and ea ee a 
“2 3 3 3 
There are also other correct answers. 
2-6 The Vector Product 
1. 3i x (i + 27) = 6K and 37 x 27 = 6k. 
3. b, i 3 
j p oal e j| pli 4 3 | b, 
n J i b, k k a, a, b, 
a, b, k 


= a,b.k — a,b;j + bia;j — biak + abzi — aybyi 
= (a,b; — a;b)i + (a;b; — a,b;)j + (aiba — ab,)k 


=a Xb. 
5. axb V3 V32_ V33 
oxi ? 337 3 
7. A = 4a x b| = s/6l (square units). 
9axb=ax(—-a—c)=—axc=c Xa; 
cXa=cxX(—-b—c)=c Xx (—b)=b Xe 


2-7 Applications of the Vector Product 


1. 1 square unit. 

3. By Theorem 2-15, b x a= (sin 0 cos ġ + cos 0 sin b)k. By Definition 
2-2,b x a = |b|]a]sin [0 — (—d)]k = sin (6 + $)k. Hence, sin (6 + ¢) 
= sin 6 cos @ + cos 6 sin @. 

5. The law of reflection of light states that when a ray of light strikes a plane 
mirror and is reflected, the incident ray and the reflected ray each form 
equal angles with the surface of the mirror. Therefore axn=b X n 
represents a vector form of the law of reflection of light, since sin (a, n) 
= şin (b, n). 
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7. The area of triangle ABC equals 4] AB x AC |, and the area of triangle 
HJG equals 4| JG x JH |. Now, 
JG x JH = 32AD x 3FC 
= 3(AB+ BD) x 3(FA + AC) 
= 3(AB + 4BC) x 3(—4 AB + À 


Ì 
= (AB + 4AC) x (—4+AB + 3 AC) 
— (AB x AC) — (4C x AB) 
— (AB x AC) + (4B x AC) 


= 1(AB x AC). 


Hence the area of triangle HJG is one-seventh the area of triangle ABC. 


2-8 The Scalar Triple Product 


1. (a) 1; (b) —1; (c) 0. 

3. 2 cubic units. 

5. 6 cubic units. 

7. a-(b x c) = (2i + 3j — 4k). (—3i — j + 2k) = —17; (a x b). c 
=(—i —6j — 5k)-G + j + 2k) = —17. 

9. No. 


2-9 The Vector Triple Product 


1. (a) 0; (b) 7; (©) j. 
3. By (2-47), a x (b X c) =(a-c)b — (a-b)c; 
b x (€ x a) = (b-a)c — (b-c)a; 
c X (a X b) =(c-b)a — (c-a)b. 
Hence, a x (b x c) +b x (e xa)+¢c x (ax b)=0. 


2-10 Quadruple Products 


1. By (2-50), (a x b) (b x c) x (c x a) 
a(b x c) a-(c Xa) 
b.(b x c) b-(c x a) 
(abc) 0 
0 (abc 








= (abc)? 








) 
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3. (a x b) (c x d) x (e x f) = (€ x d) (e x f) x (a x b). 

Then, by (2-50), ee 
ce(e X f) c(a xX db) 
d(e x f) d-(a x b) 


= A 4 = - => 


(c x d) (e x f) X (a X b)= 





5. (a x b)-(c x d) = (4i + 8j + 4k) (—3i + j — 2k) = —12; 
acc acd —3 0 
a a a a | == — = [2 
bec bed 2 4 








2-11 Quaternions 


1. (a) (2, 5, 0, 2); (b) (7, 13, —3, 9); (c) (6, 3, 0, —9). 
3. a — bi — cj — dk 
a? + b +e? +d? 
5. If a + bi a + bi + 0j + Ok and 
c + di 4—> c + di + 0j + Ok, then (a + bi) + (c + di) 
= (a + c) + (b + d)i «—> (a + bi + 0j + Ok) + (c + di + Oj + Ok) 
= (a + c) + (b + d)i + 0j + Ok, and (a + bi)(c + di) 
= (ac — bd) + (ad + bc)i 4—> (a + bi + 07 + Ok)(c + di + Oj + Ok) 
= (ac — bd) + (ad + bc)i + Oj + Ok. 
7. Let x = a + bi + cj + dk and y = e + fi + gj + hk. Then 
xy = (ae — bf — cg — dh) + (af + be + ch — dg)i 
+ (ag + ce + df — bh)j + (ah + de + bg — cf )k; 
(xy)* = (ae — bf — cg — dh) — (af + be + ch — dg)i 
— (ag + ce + df — bh)j — (ah + de + bg — cf)k; 
y* =e — fi — gj — hk; x* = a — bi — cj — dk; ` 
y*x* = (ae — bf — cg — dh) — (af + be + ch — dg)i 
— (ag + ce + df — bh)j — (ah + de + bg — cf)k; 
(xy)* = y*x*. 


CHAPTER 3—-PLANES AND LINES IN SPACE 


3-1 Direction Cosines and Numbers 


. G65: i3: Tra) 

» (3k: 12k: —4k), where k is any real number such that k > 0. 
(b). 

. (a) 45° or 135°; (b) 45°, 135°, 225°, or 315°. 

; a 0: =a L) 5r ( / 10. 0: a 


ONU m 


10 10 


10° ° 10 7 
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11. Any three points of the form (2 + 3k, 1 — k, —4 + k), where k is any 
real number such that k + 0. 


13. 60°. 
15. V 3 
B 


3-2 Equation of a Plane 


. 3x — 2y +z— 14=0. 

. 3x + 6y +z=0Q. 

x = l — 4m + 4n; y = 2 — n; z = 4m — n. 

. (a) 2b + d = 0 where bd ¥ 0; (b) b = c where bc + 0; (C)a=b=c 
where abc # 0; (d) a = 2t, b = —t, and c = t for some real number t 
0; (e)a = t, b = 3t, and c = 5t for some real number t 0; (f)d=0; 
(g)2a—b + 4c +d = 0; (h) b = 0; (i)b =c=0;(@G)c=d=Q0. 

9, 2x + 3y — 7z + 28 = 0. 

11. OP = OC + mOA + nOB or CP-OA x OB = 0. 


J MN GQ = 


3-3 Equation of a Sphere 


1. x? + y? + z — 2x + 4y — 824+ 12=0. 
3. x+ y+ 2z — 18 = 0. 5.x —2=0. 
7xety+2?—4z—-—1=0. 9 x—1=0. 


3-4 Angle Between Two Planes 


1. 45° and 135°. 

3. The planes are parallel since the nonzero vectors normal to the planes 
are parallel: (3i — 2j + k) x (9i — 6j + 3k) = 0. An alternative 
proof may be given by showing that the same direction numbers 
(3: —2: 1) may be used for a vector normal to each plane. 

5. 45°. 


3-5 Distance Between a Point and a Plane 


1.2v 6 units. 3. 3 or —15. 
5. 2 units. 7. —2. 


9. x? + y? ++ z — 4x o Ayaz 5I. 
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3-6 Equation of a Line 


1. x= 4+ 2m, y = 5 — 3m, z=2 +m. 
3 x—l_y—-2_ Z., 
3 J +2 


11. (2: —32: 4) or (—3: 3: —4). 
13. (o: aa e (0: AND. a 
15. (48, — 43, 0). 
17. [Bi — j) x (4i — PLIG + K x G jL, 
(i + 3j + 4k) (i + j—k)=0. 
19. 5x — 2y + 11z = 0. 


3-7 Skew Lines 


1. (a) 45°; (b) 90°. 
3. The line determined by the planes 2x — 4y — 15z + 30 = 0O and 
16x + 17y + 27z — 89 = 0. 
5. |1 — (—2) 3—4 3— (—2) 
l —|] 2 = 0;3x—y—2z +6=0. 
2 0 3 


3-8 Distance Between a Point and a Line 


1. a units. 3. Vos units. 


Addition: 

of quaternions, 70 

of vectors, 5-7, 27, 70 
Altitudes of a triangle, 39-40 
Angle: 

between two planes, 84-85 

between two skew lines, 95-96 

between two vectors, 32, 74 
Area: 

of a parallelogram, 49-50, 58 

of a triangle, 55, 57, 66-67 
Argand, 2 
Associative law: 

for addition of vectors, 6-7 

for multiplication of a vector by a 

scalar, 8-9 

for quaternions, 71 

for the scalar product, 36 

for the vector product, 64 


Basis for a linear vector space, 12-14, 
47-48 
normal orthogonal, 48 
orthogonal, 47 
orthonormal, 48 
Bisectors: 
angle, 17-21, 25 
perpendicular, 42 
Bound vectors, 4 


Index 


Centroid, 16, 29 
Ceva, Theorem of, 25 
Circle, equation of a, 42-43 
coordinate form, 42 
vector form, 42 
Collinear points, 14-15, 16 
Commutative law: 
for addition of vectors, 6 
for quaternions, 69 
for the scalar product, 33 
for the vector product, 50 
Components of a vector, 27 
Conjugate of a quaternion, 71 
Coordinate axes, 25 
Coordinate form, 77 
Coordinate planes, 25 
Coordinates of a point, 25 
Coordinate systems: 
left-handed, 26 
right-handed, 26 
Coplanar points, 63, 64 
Cosine law: 
of plane trigonometry, 38-39 
of spherical trigonometry, 66 
Cross product, 49-50; see also Vector 
product 
Degenerate parallelipiped, 61 
Dependence; see Linear dependence 
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Desargues’ Theorem, 23-24 
Determinant: 

of order n, 53 

of order three, 53 

of order two, 53 
Difference of two vectors, 7, 27 
Directed line segment, 2 
Direction: 

angles, 74 

cosines, 74 

numbers, 75, 93-94 

of a vector, 3, 4 


Distance: 
between a point and a line, 43-44, 
100, 101 


between a point and a plane, 86, 87 

between two parallel planes, 87 

between two points, 40-41 

between two skew lines, 96-97 
Distributive law: 

for multiplication of a vector by a 

scalar, 8-9 
for quaternions, 69 
for the scalar product, 33 


for the vector product, 51, 59-60, 
62-63 
Division of a line segment in a given 
ratio, 15 


Dot product, 32; see also Scalar product 


Equal vectors, 4 

Equality: 
of quaternions, 70 
of vectors, 3-5, 70 

Equation of a circle, 42-43 
coordinate form, 42 
vector form, 42 

Equation of a line, 28, 42-44, 88-95 
coordinate forms, 43, 44 
general form, 92 
parametric forms, 28, 89, 90 
point-direction number form, 89 
symmetric form, 89-90, 92 
tangent to a circle, 44 
two-point form, 28, 91 
vector forms, 43, 44, 89, 90 

Equation of a plane, 76-81, 95, 99 
coordinate forms, 77, 83 
intercept form, 77 
parametric forms, 79 
point-direction number form, 77 


Index 


tangent to a sphere, 82-83 
vector forms, 77, 79, 81, 82 

Equation of a sphere, 81-82 
coordinate forms, 81, 82 
vector forms, 81, 82 


Free vectors, 5 


Geometric vector, 2 
Gibbs, J. W., 69 
Gram-Schmidt process, 48 


Hamilton, William Rowan, 68-69 
Hero’s formula, 57 


Initial point of a vector, 2 
Inner product, 32; see also Scalar 
product 


Law of cosines: 
of plane trigonometry, 38-39 
of spherical trigonometry, 66 
Law of sines: 
of plane trigonometry, 56, 59 
of spherical trigonometry, 67-68 
Law of vector addition, 5 
Left-handed coordinate system, 26 
Line: 
of action, 3-4 
equation of a, 28, 42-44, 88-95 
coordinate forms, 43, 44 
general form, 92 
parametric forms, 28, 89, 90 
point-direction number form, 89 
symmetric form, 89-90, 92 
tangent to a circle, 44 
two-point form, 28, 91 
vector forms, 43, 44, 89, 90 
Linear dependence: 
applications of, 16-25 
of vectors, 11-15 
Linear function of vectors, 12 
Linearly dependent vectors, 12 
Linearly independent vectors, 12 
Linear vector spaces: 
basis for, 12-14, 47-48 
one-dimensional, 12 


Index 


three-dimensional, 14 
two-dimensional, 13 
Line segment: 
directed, 2 
division in a given ratio of a, 15 
Line vectors, 4 


Magnitude of a vector, 2, 33 
Mechanics: 

of deformable bodies, 4 

of rigid bodies, 3-4, 58-59 
Medians of a triangle, 16-17, 24-25, 39 
Menelaus, Theorem of, 21-23 
Multiplication: 

of a quaternion by a scalar, 70 

of a vector by a scalar, 8-9, 11, 27, 

70 


n-dimensional vector, 70 
Normal orthogonal basis, 48 
Null: 

parallelepiped, 61 

parallelogram, 50 

vector, 3 


Ordered n-tuple, 70 
Ordered quadruples, 70 
Orientation, 4 
Origin, 25 
of a vector, 2 
Origin point of a vector, 2 
Orthogonal basis, 47 
normal, 48 
Orthogonal vectors, 47 
Orthonormal basis, 48 
Outer product, 50; see also Vector 
product 


Parallel, 4 
Parallelepiped: 
degenerate, 61 
null, 61 
properties of a, 10 
volume of a, 60-61 
Parallelogram: 
area of a, 49-50, 58 
null, 50 
properties of a, 9-11, 16, 24-25, 37-38 
Parallelogram law of vector addition, 6 
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Parallel planes: 
distance between, 87 
equations of, 87 
Piercing points, 93 
Plane, equation of a, 76-81, 95, 99 
coordinate forms, 77, 83 
intercept form, 77 
parametric forms, 79 
point-direction number form, 77 
tangent to a sphere, 82-83 
vector forms, 77, 79, 81, 82 
Planes: 
angle between, 84-85 
distance between parallel, 87 
Position vector, 27 
Product of quaternions, 69, 70 
Products of vectors, 31-71 
cross, 49-50 
dot, 32 
inner, 32 
outer, 50 
scalar, 32, 34, 70 
quadruple, 65-66 
triple, 60, 61 
vector, 49-50, 52, 53 
quadruple, 67 
triple, 64 
Pure quaternion, 69 
Pythagorean Theorem, 41 


Quadrilateral, properties of a, 11, 17 
24, 41 
Quadruple products, 65-68 
scalar, 65-66 
vector, 67 
Quaternion, 69 
algebra, 69, 70 
conjugate of a, 71 
pure, 69 
Quaternions, 68-71 
addition of, 70 
equality of, 70 
multiplication of, 69, 70 
scalar multiplication of, 70 


Reflection of light, 59 
Refraction of light, 59 
Rhombus, properties of a, 25, 37, 41 
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Right-handed coordinate system, 26 
Rigid motion transformations, 45 
Rotation of axes, 46 


Scalar product, 32, 34, 70 
applications of the, 37-42 
properties of the, 33-34 
of two position vectors, 34 

Scalar quadruple product, 65-66 

Scalar quantities, 1 

Scalars, 1, 69 

Scalar triple product, 60, 61 

Sine law: 
of plane trigonometry, 56, 59 
of spherical trigonometry, 67-68 

Skew-commutative, 50 

Skew lines, 95 
angle between, 95-96 
distance between, 96-97 
equation of the common _ perpendic- 

ular to, 97-98 

Snell’s Law, 59 

Space, 14 

Spanned, a vector space, 48 

Sphere, equation of a, 81-82 
coordinate forms, 81, 82 
vector forms, 81, 82 

Spherical trigonometry: 
law of cosines, 66 
law of sines, 67-68 

Subtraction of vectors, 7, 27 

Sum of vectors, 6, 7, 27 


Tangent line to a circle, 44 
Tangent plane to a sphere, 82-83 
Terminal point of a vector, 2 
Tetrahedron: 
properties of a, 24 
volume of a, 62 
Translation of axes, 45 
Trapezoid, properties of a, 11 
Triangle: 
altitudes of a, 39-40 
angle bisectors of a, 17-21, 25 
area of a, 55, 57, 66-67 
medians of a, 16-17, 24-25, 39, 41 
perpendicular bisectors of a, 42 
properties of a, 9, 11, 21-25, 41-42 
Triangle law of vector addition, 6 
Trigonometry, plane: 
formulas of, 40, 41, 56-57, 59 


Index 


law of cosines, 38-39 

law of sines, 56, 59 
Triple product: 

scalar, 60, 61 

vector, 64 


Uniqueness of representation of a vector, 
14, 16 
Unit vector, 11 


Vector, 2, 69, 70 
components of a, 27 
direction angles of a, 74 
direction cosines of a, 74 
direction numbers of a, 75 
direction of a, 3, 4 
geometric, 2 
initial point of a, 2 
line of action of a, 3-4 
magnitude of a, 2, 33 
multiplication of by a scalar, 8-9, 11, 

27, 70 
n-dimensional, 70 
notation for a, 2-3 
null, 3 
origin of a, 2 
origin point of a, 2 
position, 27 
terminal point of a, 2 
uniqueness of representation of a, 

14, 16 
unit, 11 
zero, 3 

Vector product, 49-50, 52, 53 
applications of the, 55-60 
properties of the, 50-52 
of two position vectors, 52, 53 

Vector quadruple product, 67 

Vector quantities, 1 

Vectors, 1 
addition of, 5-7, 27, 70 
angle between, 32, 74 
bound, 4 
cross product of, 49-50 
difference of, 7, 27 
dot product of, 32 
equal, 4 
equality of, 3-5, 70 
free, 5 
inner product of, 32 


Index 123 


line, 4 vector, 64 
linear function of, 12 vector product of, 49-50, 52, 53 
linearly dependent, 12 Vector spaces; see Linear vector spaces 
linearly independent, 12 Vector triple product, 64 
orthogonal, 47 Volume: 
outer product of, 50 of a parallelepiped, 60-61 
quadruple products of, 65-68 of a tetrahedron, 62 
scalar, 65-66 
vector, 67 
scalar product of, 32, 34, 70 Work, 31 


_ subtraction of, 7, 27 
sum of, 6, 7, 27 
triple products of: Zero vector, 3 
scalar, 60, 61 


